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ABSTRACT

The transportation problem is a one of the principal topics in operational research where goods are
initially stored at different sources and need to be livered to destinations in such a way that the total
transportation cost is minimum. In this paper, the authors consider the transportation problem in a
trapezoidal fuzzy environment and they introduce the column-row heuristic Dhouib-Matrix-TP1 to
solve it in just p iterations (where p is the maximal number between the total number of sources and
destinations). The Dhouib-Matrix-TP1 heuristic is enhanced with the robust ranking function and
with a new operation for selection based on mean and min metrics. To justify the proposed method,
several numerical experiments are given to show the effectiveness of the new technique in solving
the trapezoidal fuzzy transportation problems.
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1. INTRODUCTION

The Transportation Problem (TP) plays an important role in many industrial real-life applications
with the aim of ensuring the shipment of supplies from planned sources to specific destinations via
minimal transportation costs.

The TP is widely studied in the literature. It was firstly designed by Hitchcock (1941). Dantzig
(1951) solved the TP using the Simplex method. Dinagar and Palanivel (2009) studied the TP in
trapezoidal fuzzy domain. Pandian and Natarajan (2010) designed the Fuzzy Zero Point method to
optimize the fuzzy TP. Kaur and Kumar (2012) developed a new method to find an initial basic solution
for TP where the transportation costs are denoted by generalized fuzzy numbers. Shanmugasundari
and Ganesan (2013) introduced a fuzzy version of Vogel’s and MODI methods in order to generate
basic initial solution for TP with imprecise variables described by triangular fuzzy numbers. Beaulaa
and Priyadharsini (2015) introduced an iterative method to find the optimal solution for the TP in
trapezoidal intuitionistic fuzzy environment using the Stepping Stone method with indices based
ranking methods. Ahmed et al. (2016) designed a new method entitled Allocation Table Method
(ATM) to find an initial basic feasible solution for the TP and its efficiency is tested by solving
several TP. Muruganandam and Srinivasan (2016) investigated a new heuristic with the graded means
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ranking function to optimize the fully trapezoidal fuzzy TP. Hunwisai and Kumam (2016) solved
the trapezoidal fuzzy TP using the ATM and the Modified Distribution methods to find the optimal
crisp solution. Moreover, Kumar (2016) developed the PSK technique for the TP under triangular
and trapezoidal fuzzy numbers.

Uthra et al. (2017) proposed a new ranking measure to transform the costs in TP from trapezoidal
intuitionistic fuzzy numbers to crisp ones. Furthermore, Kumar (2018) presented two techniques:
the first one is based on Linear Programming technique and the second is based on the Distribution
Method to optimize the balanced and unbalanced intuitionistic fuzzy TP. Kumar (2019) presented
a mixed and fully triangular intuitionistic fuzzy solid TP and solved it using the PSK method with
graphical representation of the found triangular intuitionistic fuzzy optimal solution. Ngastiti et al
(2020) solved a fully trapezoidal fuzzy TP using the Zero Point and the Zero Suffix methods; then,
the two methods are compared based on the value of the basic feasible solution and the number of
iterations.

Moreover, Gargouri and Bouamama (2020) presented a rich literature review for the TP and its
variants (multi-objective optimization, multimodal, optimization methods, case study, etc.). Mhaske
and Bondar (2020) optimized triangular, pentagonal and heptagonal fuzzy transportation problems
using the North West Corner method, the Matrix Minima method and the Vogel’s approximation
method; furthermore, they introduced a new function for nonagon and hendecagon fuzzy transportation
cost numbers. Li et al. (2021) introduced a case study in a bike sharing system as a smart transportation
system and then optimized it using the Deep Reinforcement Learning technique. Sikkannan (2021)
solved the triangular fuzzy TP using an original heuristic based on the standard deviation metric and
the magnitude ranking function.

Thus, there are different methods to solve the TP and very recently Dhouib (2021a) designs a
new heuristic entitled Dhouib-Matrix-TP1 (DM-TP1) to solve the TP with crisp parameters in just
p iterations (where p is the maximal number between the total number of sources and destinations).
In this paper, the DM-TP1 heuristic is adapted to solve the trapezoidal fuzzy TP by using the robust
ranking function developed by Yager (1981) and adding a new operation to select cities based on
average and min metrics.

In the next following section, the proposed method for solving the trapezoidal fuzzy transportation
problem is discussed. Section 2 includes some basic concepts about the generalized trapezoidal fuzzy
set theory. Section 3 presents the mathematical formulation of the transportation problem. Section 4
describes in details the proposed DM-TP1 heuristic under fuzzy environment for the transportation
problem. Section 5 gives several numerical examples to prove the effectiveness of the proposed
heuristic. Finally, the conclusion and some perspectives are provided in the last section.

2. THE TRAPEZOIDAL FUZZY NUMBERS

The generalized trapezoidal fuzzy number F is denoted by F‘( I b £ fi;w), where fand f, are
respectively the left and right widths of F .
A fuzzy number F hasa mapping i, (z) : R-> [0,1] with the following proprieties:
+(z) = 0 outside the interval [f, f ]
(@) =win [f, f]
+(r) is a monotonic increasing function on [f, f,]
()

Hp

SERSERS

) is a monotonic decreasing function on [f;, f,]

The membership function () for a trapezoidal fuzzy number F is defined by:
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Figure 1. Trapezoidal membership function defined by F (20,30,45,90;1)

Trapezoidal Fuzzy Numbers

fl f2 f3 f4

Consequently, we can define the order between any two generalized fuzzy trapezoidal numbers
F(f, f. f.fw) and Ee e, ,e,,e,;w) by:

1772773074

e F<E & R(F)<R(E)
e F>E & R(F)~R(E)
e FrFE & R(F)=R(E)
e F=-E & R(F)+R(E)=0
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Furthermore, the arithmetic operation between F and E are given below:

. F@Ez(fl—i—el,fZ +e,,f, +eg7f4—|—e4;w:min{wl,w2}>
° F’@E:(fl—e@fz—e3,f3—ez,]i—el;w:min{wl,wz})
o AZ0MF = (MMM A W)

. AgU,AF:(Aﬁ,AJg,AJg,A]ﬁ;w)

3. MATHEMATICAL FORMULATION FOR THE
FUZZY TRANSPORTATION PROBLEM

Let us suppose an industrial company with the purpose of minimizing the total transportation cost
of products from designed source i to affected destination j in uncertain environment. The uncertainty

of the decision maker is mathematically presented as a fuzzy number in the travelling cost ¢, (

¢, =(a,,b,,c,,d. ) for the trapezoidal form).
Here, the objecnve is to find the optimal value of x; that will minimize the total transportation
cost (see Eq. 1) while satisfying the supply and demand restrlctlons (see Eq. 2). The fuzzy TP type-1

is mathematically formulated as follows by:

m n

Minimize: z = Z Z&U% (D

i=1 j=1

Subject to:

2 T, :b] ;1=L2,...,n 2)

x, >0 for all 7 and j

The notation of the TP is:

m total number of supplies (sources)

n total number of demands (destinations)

a, Amount of supply at source i

b] Amount of demand at destination j

E Trapezoidal fuzzy transportation cost from supply i to demand j
X,

Amount to be shipped from source i to destination j

4. THE MODIFIED DHOUIB-MATRIX-TP1 METHOD: DM-TP1

This section describes the proposed method, DM-TPI, to solve the TP in trapezoidal fuzzy
environment. In fact, Dhouib (2021a) designs the DM-TP1 heuristic to solve the TP with crisp
parameters. Whereas, in this paper, we enrich the DM-TP1 method with two techniques: At first, a
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new operation for selection based on average and min metrics is used and at second, the application of
the robust ranking technique for the representative value of the trapezoidal fuzzy number is applied.

Very recently, we design and develop a new concept namely Dhouib-Matrix to solve combinatorial
problems. This concept is based on constructive methods using descriptive statistical metrics to
generate the optimal or a near optimal solution. For the travelling salesman problems, a deterministic
heuristic named Dhouib-Matrix-TSP1 (DM-TSP1) is introduced by Dhouib (2021b) followed by a
stochastic version entitled Dhouib-Matrix-TSP2 (DM-TSP2) proposed in Dhouib (2021c¢). Then, a
comparative study between DM-TSP1 and DM-TSP2 is presented in Dhouib (2021d). Moreover, to
solve very large instances of the travelling salesman problems, a novel metaheuristic namely Dhouib-
Matrix-TSP4 is illustrated in Dhouib (2021e). Furthermore, the DM-TSP1 heuristic is modified to
solve the travelling salesman problems in fuzzy environments in Dhouib (2021f), Dhouib and Dhouib
(2021) and Miledi et al. (2021).

In this paper, we modify the DM-TP1 heuristic to solve the trapezoidal fuzzy TP by dividing it
into two parts: The first part deals with constructing the entire crisp travelling cost matrix, where the
second part deals with finding the optimal allocation. In this work, the robust ranking technique from
Yager (1981) is used to convert the trapezoidal fuzzy numbers into crisp ones by the following formula:

R(@) = f01<o.5)(a§,ag )
Where:

(a,00) ={(b—a)a+ad—(d—c)a}{(f—e)a+teh—(h—g)}]

o) o

The proposed DM-TP1 heuristic generates the optimal or a near optimal solution just with p
iterations (where p is the maximum between sources and destinations: p= max(m,n)).
Our DM-TP1 method is composed only of 9 steps:

Step 1: use the robust ranking function to convert the trapezoidal fuzzy numbers to crisp numbers

Step 2: balance the transport matrix.

Step 3: compute the difference between the average and the min for each row and place it at the last
column entitled: Average Min Supply Row (AMSR).

Step 4: apply the same operation on each column. Compute the difference between the average and
the min for each column and place these difference values at the last row entitled: Average Min
Demand Column (AMDC).

Step 5: identify the highest element among the AMSR and the AMDC, if it belongs to SDSR elements
then select the minimal element (xl,j) of its corresponding row else check the minimal element
(xl.j) of its corresponding column.

Step 6: if a, <= bj then allocate the a, number of units to the Xy affect b’ = b - a and discard the row i.

Step 7:if a, > bj then allocate the bj number of units to the Xy affecta’ = a, - bj and discard the column .

Step 8: repeat step 5-6-7 until all columns are discarded.

m n

Step 9: calculate the minimal transportation cost z = Z Z c
i=1 j=1

T
5. COMPUTATIONAL RESULTS

In this section, some examples are provided to illustrate the potential application of the proposed
DM-TP1 heuristic.
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5.1 Example 1

Let us consider a Trapezoidal fuzzy transportation problem (Figure 2) proposed by Ngastiti et al.
(2020). Our method DM-TP1, solves this TP in just 5 iterations (the maximum between 4 sources and
5 destinations). Whereas, Ngastiti et al. (2020) solved this TP by the zero-point and the zero-suffix
methods respectively by 6 and 7 iterations.

Figure 2. Fully trapezoidal fuzzy TP

Destination
Source Inventory
1 2 3 4 5
1 (5,7,8,11) (1,6,7,12) (2,4,5,7) (2,5,7,9) (7,9,10,12) (20,35,45,60)
2 (5,8,9,12) (2,5,7,9) (1,6,7,12) (5,7,8,11) (5,8,9,12) (15,25,35,45)
3 (1,6,7,12) (5,8,9,12) (7,9,10,12) (1,6,7,12) (2,5,7,9) (10,15,25,30)
4 (2,5,7,9) (5,7,8,11) (5,7,8,11) (5,8,9,12) (1,6,7,12) (5,8,12,15)

Demand  (15,25,2545) (15,25,3545) (8,14,16,22) (10,15,2530)  (2,4,6,8)

The first iteration starts by converting the trapezoidal fuzzy numbers to crisp numbers using the
robust ranking function:

R(@) = f01<o.5)(a5,ag )

Where:

(@) =[{(b—a)a+a,d—(d—c)a},{(f —e)a+eh—(h—g)a}]

al) T«
Therefore,

R(,) = R(5,7,8,11)
— ](0.5)(—04 +16)da = 7.75

0

Similarly, all the trapezoidal fuzzy numbers are converted to crisp numbers and the AMSR and
the AMDC indicators are computed. Now, find the maximum between AMSR and AMDC (2.56)
and select the minimal element of its corresponding column which is 4.5 at position d,, (see Figure
3). Thus, affect to X;;a value of 15 and then discard column 3.

Next, compute the AMSR and the AMDC indicators, find the maximum between them (1.88)
and select the minimal element of its corresponding row which is 5.75 at position d,, (see Figure 4).
Then, affect to X,,a value of 30 and discard row?2 and column 2.
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Figure 3. Compute the AMSR and AMDC indicators

Destination
Source Inventory AMSR
1 2 3 4 5

1 7.75 6.5 4.5 5.75 9.5 40 2.30
2 8.5 5.75 6.5 7.75 8.5 30 1.65
3 6.5 8.5 9.5 6.5 5.75 20 1.60
4 5.75 7.75 7.75 8.5 6.5 10 1.50
Demand 30 30 15 20 5
AMDC 1.38 1.38 2.56 1.38 1.81

Figure 4. Discard column 3 and select the highest element between AMSR and AMDC

Destination
Source Inventory AMSR
1 2 3 4 5

1 7.75 6.5 5.75 9.5 25 1.63
2 8.5 575 7.75 8.5 30 1.88
3 6.5 8.5 6.5 5.75 20 1.06
4 5.75 775 8.5 6.5 10 1.38
Demand 30 30 20 5
AMDC 1.38 1.38 1.38 1.81

Hence, calculate the AMSR and the AMDC indicators, find the maximum between them (1.92)
and find the minimal element of its corresponding row which is 5.75 at position d,, (see Figure 5).
Then, affect to x,, a value of 20 and discard column 4.

Now, compute the AMSR and the AMDC indicators, find the maximum between them (1.50) and
find the minimal element of its corresponding column which is 5.75 at the position d,, (see Figure
6). Then, affect to x,, a value of 5 and discard column 5.

Finally, affect to x,, a value of 5, affect to X, a value of 15, affect to x,, a value of 10 and discard
column 1.

So that, the minimal total cost is:
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Figure 5. Discard row 2 and column 2

Destination
Source Inventory AMSR
1 2 3 4 5

1 7.75 5.75 9.5 25 1.92 1
2
3 6.5 6.5 5.75 20 0.50
4 5.75 8.5 6.5 10 1.17
Demand 30 20 5
AMDC 0.92 1.17 1.50

Figure 6. Discard column 4 and select the highest element between AMSR and AMDC

Destination
Source Inventory AMSR

1 2 3 4 5
1 7.75 9.5 5 0.88
2
3 6.5 5.75 20 0.38
4 5:75 6.5 10 0.38
Demand 30 5
AMDC 0.92 1.50

Z - ZZCU{EU
g J
= (613x13) + (6221,22) + (lell,lfi) + (6351.35) + (Cllxll) + (CSII‘M) + (C/llx/ll)
=(4,5%15)+(5,75%30)+(5,75%20)+(5,75*5)+(7,75*5)+(6,5%15)+ (5,75*10)=577.5

The found crisp optimal solution is 577,5 with x, =5, x]_?:IS, x,,=20, x,,=30, x_”:15, x35:5,
x,,=10.

To compare DM-TP1 to the methods proposed by Ngastiti et al. (2020), two criteria are used the
value of the basic feasible solution and the number of iterations. All the methods find the optimal
solution 577.5 with different numbers of iterations. In fact, the Zero Point method needs 7 iterations,
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Figure 7. Discard column 1

Destination
Source Inventory AMSR
1 2 3 4 5
1 7.75 5 0
2
3 6.5 15 0
4 5.75 10 0
Demand 30
AMDC 0.92

the Zero suffix needs 6 iterations and our method DM-TP1 needs only 5 iterations (which corresponds
to the maximum between supplies and demands).

5.2 Example 2

A second example from Muruganandam and Srinivasan (2016) is used to test the performance of
the modified DM-TP1 (see Figure 8). Our method DM-TP1 heuristic solves this problem in just 4
iterations (the maximum between 3 sources and 4 destinations).

Figure 8. Fully trapezoidal fuzzy TP

Destination
Source Inventory
1 2 3 4
1 (1,2,3,4) (1,3,4,6) (9,11,12,14) (5,7,8,11) (1,6,7,12)
2 (0,1,2,4) (-1,0,1,2) (5.6,7.8) (0,1,2,3) (0,1,2,3)
3 (3,5,6,8) (5,8,9,12) (12,15,16,19) (7,9,10,12) (5,10,12,17)
Demand (5,7,8,10) (1,5,6,10) (1,3,4,6) (1,2,3,4)

At first, the trapezoidal fuzzy numbers are converted to crisp numbers using the robust ranking
function and the AMSR and AMDC indicators are computed. Then, find the maximum element
between AMSR and the AMDC (4.75) and select the minimal element which is 1.5 at position d,,
(see Figure 9). Thus, affect to x,, a value of 1.5 and then discard the row 2.

Next, calculate the AMSR and the AMDC indicators, find the maximum between them (4.25)
and find the corresponding minimal element which is 5.5 at the position d,, (see Figure 10). Then,
affect to x,, a value of 7.5 and then discard column 1.
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Figure 9. Compute the AMSR and AMDC indicators

Destination
Source Inventory AMSR
1 2 3 4

1 2.5 3.5 11.5 7.75 6.5 3.81
2 1.75 0.5 6.5 1.5 1.5 2.06
3 5.5 8.5 15.5 9.5 11 4.25
Demand 7.5 5.5 3.5 2.5
AMDC 1.50 3.67 4.67 475

Figure 10. Discard row 2 and select the highest element between AMSR and AMDC

Destination
Source Inventory AMSR
1 2 3 4

1 2.5 3.5 11.5 7.75 6.5 3.81
2
3 5.5 8.5 155 9.5 11 4.25
Demand 7.5 5.5 3.5 1
AMDC 1.50 2.50 2.00 0.88

Moreover, compute the AMSR and the AMDC indicators, find the maximum between them
(4.08) and find minimal element of its corresponding row which is 3.5 at the position d, (see Figure
11). Then, affect to x 1, a value of 5.5 and then discard column 2.

Hence, compute the AMSR and AMDC indicators, find the maximum between them (3.00) and
find the minimal element of its corresponding row which is 9.5 at the position d,, (see Figure 12).
Then, affect to X, a value of 1 and then discard column 4.

Finally, affect to x ;52 value of 1, affect to X, value of 2.5 (see Figure 13) and discard column 3.

So that, the minimal total cost is:

m n
7z = Z E C.T.
oy

i

= () + (033) () + (03,,) () + ()

247724 317731 347734 137713 337733

=(1.5%1.5)+(5.5%7.5)+(3.5%5.5) +(9.5%1) +(11.5%1) +(15.5%2.5)=122.5

10
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Figure 11. Discard column 1 and select the highest element between AMSR and AMDC

Destination
Source Inventory AMSR
1 2 3 4
1 35 11.5 71.75 6.5 4.08
2
3 8.5 15.5 9.5 3.5 3.50
Demand 5.5 3.5 1
AMDC 2.50 2.00 0.88

Figure 12. Discard column 2 and select the highest element between AMSR and AMDC

Destination
Source Inventory AMSR
1 2 3 4
1 11.5 71.75 1 1.88
2
3 15.5 9.5 3.5 3.00
Demand 3.5 1
AMDC 2.00 0.88

Moreover, the minimal total cost found by DM-TP1 is 122.5 with x,~=1 .5, X, 1:7.5 2 X, 2:5 S,x =1
x,,=1,x,,=2.5. The result found by our method DM-TP1 presents an improvement of 3.67% compared
to the optimal solution found by Muruganandam and Srinivasan (2016) which is 127 (see Figure 14).

5.3 Example 3

Let us consider the 3x3 mixt fuzzy transportation problem (see Figure 15) proposed by Kumar (2016).
This problem describes the transportation of umbrella products from three different factories to three
different retail stores with mixture numbers (crisp and fuzzy).

At first, all the mixture parameters are converted to trapezoidal fuzzy numbers, then, to crisp
numbers. Figure 16, depicts the stepwise application of the DM-TP1 heuristic to find the optimal
solution (176) in just 3 iterations. The generated solution is same as the optimal solution obtained
by Kumar (2016) using the PSK method (which is same as solutions found by VAM, MODI, Zero
Point Methods).

1"
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Figure 13. Discard column 4

Destination

Source Inventory AMSR

Demand

AMDC

Figure 14. Comparison chart

128

127

127
126
125
124

123 122,5

Optimal solution

122

121

120
Muruganandam and Mr. R. Srinivasan, DM-TP1
2016

Methods

12
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Figure 15. Mixt transport cost matrix

Destination
Source Inventory
1 2 3
1 6 (1,2,3) (5,7,9,11) 10
2 (1,2,3) (4,8,16,20) 10 (10,16,24,30)
3 (1,3,5,7) 3 (6,8,10) (8,16,24)
Demand (11,22,30,41) (5,8,8,11) 12
Figure 16. The application of DM-TP1
a) b)
Destination
Destination Source y AMSR
Source Yy 1 2 3
1 2 3
1 6 2 8 10 333
1 (6,6,6,6) (1.2,2,3) (5.7,9,11) (10,10,10,10)
2 2 12 10 20 6.00
2 (1,2,2,3) (4,8,16,20) (10,10,10,10) (10,16,24,30)
3 4 3 8 16 2.00
3 (1,3,5,7) (3333) (6,8,8,10) (8,16,16,24)
Demand 26 8 12
Demand (11,22,30,41) (5.88,11) (12,12,12,12)
AMDC 2.00 3.67 0.67
c). d)
Destination Destination
Source e Y AMSR Source Y AMSR
1 2 3 1 2 3
1 6 2 8 10 333 1 6 8 2 1.00
2 2
3 4 3 8 16 2.00 3 4 8 16 2.00
Demand 6 8 12 Demand 6 12
AMDC 1.00 0.50 0.00 AMDC 1.00 0.00
e)
Destination
Source Y AMSR
2| 2 3
1 8 2 1.00
2
. — - 2 = (2%20)+(2*8)+(4*6)+(8*2)+(8*10)=176
Demand 12
AMDC 0.00

13
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6. CONCLUSION

The fuzzy theory set can be used to solve many real-life problems like the transportation problems.
In this paper, the trapezoidal fuzzy transportation problems are explored using a new column-row
heuristic namely the Dhouib-Matrix-TP1 with the robust ranking function for the representative value
of the trapezoidal fuzzy numbers. The novel heuristic Dhouib-Matrix-TP1 is a new way to handle
the uncertainty in the transportation problems with just p iterations (where p is the maximal number
between the total number of sources and destinations) to find the optimal or a near optimal solution.
In the future, the proposed heuristic Dhouib-Matrix-TP1 will be applied on real-world transportation
problems in the intuitionistic and neutrosophic environments.

14
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