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ABSTRACT

Inthisarticle,itisshownthatthedimensionofametalskeletonofgiantpalladiumcluster,containing
561atomsinfiveshells,is8.Theclaimsofsomeauthorsthatthepalladiumclusterinthiscaseisan
E8latticearegroundless.Theinternalgeometryofmulti-shellmetalclusterswithligandsandcore
wasinvestigated.Itisprovedthatthemulti-shellclusterswithcommoncenteranddifferentcenters
haveahigherdimension.Clusterswithligandsandastructuralunitoctahedronexistwithdifferent
metalsinthecore.Aspatialimageofthecobalttetra-anionclusterispresented.Itisprovedthatits
dimensionis5.Itisconsideredhomo-elementmetalcycleswithligands.Forexample,aspatialimage
ofthethreenuclearcarbonylsofrutheniumandosmiumitisbuild.Itwasprovedthattheligandsinthe
threenuclearcarbonylsofrutheniumandosmiumdonotformaligandpolyhedron,aswaspreviously
assumed.Theconstructionofclusterinthiscasecanbedividedintotwopolytopesdimensionof4.
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INTRoDUCTIoN

In a recent work of the author (Zhizhin, 2019a) higher dimensions of clusters of intermetallic
compoundswereconsidered.Inparticular,multi-shellintermetallicclusterswereconsidered,each
shellofwhichisaconvexregularthree-dimensionalpolyhedron(Platobodies).Itwasassumedthat
allshellsinacertainarbitraryclusterhaveacommoncenterandareofthesametype.Thestatement
isproved.

Theorem:ThedimensiondofaclusterofNshellswithacommoncenterisN+2,ifthereisno
atominthecommoncenter,andisequaltoN+3,ifthereisanatominthecommoncenter.

Theprovedstatementallowsustocalculatethedimensionofmanywell-knownintermetallic
clusters: Mackay, Bergman, Samson, and others (Mackay, 1962; Pauling, 1960; Nyman &
Anderson,1979;Bergmanetal.,1952,1957;Komuraetal.,1960;Audieretal.,1998;Samson,1972).

Continuing the mathematical descriptions begun in this work of real clusters of chemical
compoundswiththedeterminationoftheirdimension,thisarticlediscussesmulti-shellmetalclusters
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withligands.Moreover,theshellsinoneclustermayhaveadifferentshape,aswellasacommon
centerorseveralcentersatthesametime.Thestudyisbasedontheclassificationofvariousreal
clustersofchemicalcompoundswithligands(Gubin,2019).Thislineofresearchisfundamentally
differentfromabstractclusterstudiesthatarenotassociatedwithspecificchemicalcompoundsand
donothavetechnologicalsignificance(McMullen,&Schulte,2002;Diudea&Nagy,2007;Ashrafi,
Cataldo,Iraumanesh,&Ori,2013;Diudea,2018).

THe DIMeNSIoN oF A MeTAL SKeLeToN oF GIANT PALLADIUM CLUSTeR

Itwasshown(Vargaftik,etal.,1985)thatuponthereductionofpalladiumacetatewithhydrogenin
thepresenceofnitrogen-containingligands(L),polynuclearcomplexesareformed,whichareeasily
convertedintoclustercompounds.Basedonthestudyoftheirstructurebyelectronmicroscopy,they
wereassignedthecompositionPd561L60(O2)180(OAc)180.Thepalladiumatomsinthiscompoundform
adensepackingintheformoffiveicosahedronswithacommoncenterinwhichthepalladiumatom
islocated.Ligandsarelocatedonthesurfaceofametalskeleton.Thenumberofatomsinthemetal
coreofthisclusterisdeterminedbytheformula:

1 10 2
1

2+ +∑( ),
N

N N 

isthenumberoflayersaroundthecentralmetalatom(Lordetal.,2006).
FromTheoreminintroduction(Zhizhin,2019a)atonceitfollowsthatthedimensionofametal

skeletonofgiantpalladiumcluster,containing561atomsinfiveshells,is8.Theclaimsofsome
authorsthatthepalladiumclusterinthiscaseisanE

8
lattice(Shevchenko,2011)aregroundless.

ThelatticeE
8

,asyouknow(Conway,&Sloane,1988),isacollectionofpointsinaneight-dimensional
space with coordinates ( , , , , , , , )± ±1 1 0 0 0 0 0 0 , where units can stand anywhere on the line with
arbitrarysigns,aswellaspointswithcoordinates:
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Obviously,thislatticehasnothingtodowiththestructureofaclusterconsistingoffiveicosahedral
shells.Itisassumed(Coxeter,1963)thatthelatticeE

8
correspondstothepolytopeofGosset(Gosset,

1900),whichdrawsfromsimplexesandcross-polytopes.Butfromthepreviousitfollowsthatthe
polytopecorrespondingtothemetalskeletonofagiantpalladiumclusterdoesnotincludeeither
simplexesorcross-polytopes.

CLUSTeRS oN AN oCTAHeDRoN

Lettherebeasetofsixatomsofosmiumboundbyachemicalbond(Gubin,2019).Theaddition
ofotherosmiumatoms to this structureoccursbycentralizing theplanar triangular facesof the
octahedron.Asthefirststage,atomsattachtotriangularfaces(locatedabovethemontheoutsideof
theoctahedron).Inthiscase,faceswithattachedatomsandfaceswithnon-attachedatomsalternate
witheachother.Sincefouratomsjoinedtheoctahedron,aclusteroftenatomsforms(Figure1).

Inordertorepresentthisclusterintheformofaconvexfigure,itisnecessarytosupplement
itwithedges. In thiscase, for the formationofaconvexclosed figure, theminimumadditional
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numberofedgesis16(blacksegmentsinFigure1).Inatopologicallyequivalentform,thiscluster
isdepictedinFigure2.

Youcanseethatthisisa5-cross-polytope.EachvertexinFigure2isconnectedbyanedgeto
allotherverticeswiththeexceptionoftheoppositevertex.Thenumberofelementsofthedimension
iinthed-cross-polytopeisequal(Zhizhin,2013,2014,2018,2019b):

f C
i

i
d
d i= + − −21 1  (1)

Ithave10vertices f Ci
0

1
4
55 2 10( )= =( )+ ,40edges f C

1
2
5
35 2 40( )= =( ) ,80 triangle faces

f C
2

3
5
25 2 80( )= =( ) , 80 tetrahedrons f C

3
4
5
15 2 80( )= =( ) , 32 four – dimensional simplexes

Figure 1. The octahedron with attached tetrahedrons on faces of octahedron

Figure 2. The 5 – cross - polytope
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f
4

55 2 32( )= =( ) .ThedimensionofafigureisdeterminedbytheEuler-Poincareequation(Poincare,
1895):

( ) ( ) ( )− = + − −

=

−

∑ 1 1 1 1

0

1
i
i

d

i

d

f P  (2)

In(2) f P
i
( ) isthenumberoffaceswithdimensioniinpolytopePwithdimensiond.

Includingthenumbers f
i
inequation(2)weget10–40+80–80+32=2.Thisprovesthat

thefigureinFigure2isaconvexpolytopeofdimension5.Itiseasytomakesurethatwithfewer
edgesthecomplexoftenatomswillnotbeconvex,sinceequation(2)willnotbesatisfied.Thenext
stepintheformationofaclusterasaconvexfigurecouldbetheattachmentofatomstothefacesof
theoctahedrontowhichtheatomshavenotyetbeenattached.Therearefoursuchfreefaces.However,
asfollowsfromFigures1and2,whenconstructingaconvexfigure,thesefreefacesturnedouttobe
alreadyoccupiedtetrahedrawithoutchangingthenumberofvertices.Buttheedgesofthesetetrahedra
haveonlygeometricmeaningforcreatingaconvexfigure.Therefore,attachmenttothesefacesof
tetrahedrawithchemicalbondsisstillpossible.Thenafigurewith14verticesisformed.Creatinga
convexfigurefromitwillleadtotheformationofa7-cross-polytope,whichhasalreadybeen
showninFigure3.

Fromthegeneralexpressionforthenumberofelementsofthedimensionandinthed-cross-
polytope(1)itfollowsthatthenumberofverticesinthispolytope f C

0 7
62 14= ⋅ = , thenumberof

edges f C
1

2
7
52 84= ⋅ = , thenumberoftrianglefaces f C

2 7
48 280= ⋅ = , thenumberoftetrahedrons

f C
3 7

316 560= ⋅ = , thenumberoffour-dimensionsimplexes f C
4 7

232 672= ⋅ = , thenumberof
five-dimensionsimplexes f C

5 7
164 448= ⋅ = , thenumberofsix-dimensionsimplexes f

6
128= . 

Furtherattachmentofatomstothe7-cross-polytopecanbelimitedbythepossibilityofcreating
alargenumberofvalencebonds.

Figure 3. The 7 – cross - polytope
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CLUSTeRS oN A CUBoCTAHeDRoN

Lettherebeasetof12rhodiumatomslinkedbyachemicalbond,formingoneoftheformsofthe
cuboctahedron(Figure4).

6otherrhodiumatomscanjointhisdesignbycenteringthesquarefaces.Geometrically,this
meansjoiningtothesquarefacesofthecuboctahedron6quadrangularpyramidsontheoutsideofthe
cuboctahedron.Inthiscase,afigureisformedhavingtwoparalleltriangularfaces,eachofwhichis
composedoffourtriangularsections.Inthecenteroftheparallelfacesofthefigureisthetriangular
facesofthecuboctahedron.Inordertocreateaconvexfigure,inthiscaseitisenoughtoconnectthe
correspondingverticesoftheseparallelfaceswiththeedges(Figure5).

Thesidesoftheresultingfigurecontaintwotrapezoidstiltedtoeachother.Eachofthemis
composedofthreetriangles.Sothatthesidesofthefigurearenotflat.Wecansaythattheresulting
figureisa“bloated”prism.Eachofthethreegeneratorsofthisprismissimultaneouslytheedgesof
three tetrahedrons that close the figure. So, the resulting figure contains 12 vertices of the
cuboctahedronand6verticesoftheattachedsixpyramids,i.e. f

0
18= .Manyedgesofthefigure

Figure 4. The Cuboctahedron

Figure 5. The “bloated” prism
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contain24edgesofthecuboctahedron,24edgesoftheattachedpyramidsand3edgesofthegenerators,
i.e. f

1
51= .Theflatsectionsofthisfigurearecomposedof14flatfacesofthecuboctahedron,24

triangularfacesofthepyramidsand6flatfacesofthetetrahedracontaining3generators,i.e. f
2
44= .

Thefigureincludes11three-dimensionalbodies(6pyramids,3tetrahedrons,1cuboctahedron,1
three-dimensionalbodywiththeoutersurfaceofthefigurewithouttakingintoaccounttheinternal
contentofthefigure,i.e. f

3
11= .Substitutingthesenumbersintotheequation(2)weget18–51

+44–11=0.Thisprovesthattheresultingfigurehasdimensionfour.Itshouldbenotedthatthe
figureobtainedisanexampleofapolytopeofhigherdimensionsignificantlydifferentfromasimplex
andacross-polytope.Asfollowsfromtheconstruction(Figure5),5edgescomefromeachofitssix
vertices,whichare simultaneously theverticesof the attachedpyramids.Fromanyof theother
verticesthatcoincidewiththeverticesofthecuboctahedron,6edgesemanate.Whileinasimplex
with 18 vertices, 17 edges emanate from each vertex, and in a cross-polytope, under the same
conditions,16edgesemanatefromeachvertex.Furtheradditionofatomswillincreasethedimension
ofthefigure,provideditisconvex.

CoMPoUNDS WITH LIGANDS HAVING A MeTAL oCTAHeDRoN FRAMe

Clusterswithligandsandastructuralunitoctahedronexistwithdifferentmetalsinthecore:Pt,Pd,
Ni,Cu,Ti,Fe,Ruandothermetals(Gubin,2019).Theyaredistinguishedbysufficientstructural
complexity,leadingtotheformationofpolytopesofahigherdimensionofnewtypes.Sofar,none
ofthemhavebeenanalyzedinthespaceofhigherdimension.Asanillustrationofsuchananalysis,
weconsiderthestructureofthecobalttetra-anioncluster [ ( ) ( ) ]Co Co CO

6 8 6
4µ− − .Theschemeof

thiscompoundisshowninFigure6(Johnson,&Benfield,1981).

Thedesiretocreateaconvexmodelofthiscompoundleadstotheappearanceofvariousthree
-dimensionalpolyhedronsandfour-dimensionalpolytopesenteringintoeachother.

Theorem 1:Thedimensionofcobalttetra-anioncluster [ ( ) ( ) ]Co Co CO
6 8 6

4µ− − equal5.
Proof:Tobuildaspatialmodelofcobalttetra-anioncluster[ ( ) ( ) ]Co Co CO

6 8 6
4µ− − ,letusturnto

itsschemeinFigure6.Fromthisfigure,itcanbeseenthattheligands(μ-CO)thatbindtwo

Figure 6. Scheme of cobalt tetra - anion cluster [ ( ) ( ) ]Co Co CO
6 8 6

4µ− −



International Journal of Applied Nanotechnology Research
Volume 4 • Issue 2 • July-December 2019

51

metalatomsformacube.Inaddition,eachvertexofthemetalcoreintheformofanoctahedron
isformedasaresultofconstructingapyramidoneachfaceoftheligandcube.Thefreevertices
ofthesepyramidsgivetheverticesoftheoctahedronofatomscobalt.Thesixfacesofthecube
thusgivesixverticesoftheoctahedron.Considerfirstthefigurethatformsasaresultofthis
construction.ThespatialimageofthisfigureisshowninFigure7.

Thevalencebondsareindicatedinthisfigurewithrededges.Theedgesoftheligandcubeare
markedwithdottedblacklines.Theedgesofthepyramids,withtheexceptionofthegrounds,denoted
bysolidlinesinblack.Thus,theligands(μ-CO)arelocatedatthevertices2,4,6,8,9,11,12,14.
Metalatomsarelocatedatthevertices1,3,5,7,10,13.Tocreateaclosedconvexfigureinthefigure,
twoedgesareaddedblue1-4,9-14.Determinethedimensionofthiscompound.Thereare14
verticeshere( )f

0
14= .ThenumbersofedgesonFigure7is50( f

1
50= ) :

1-2,1-3,1-13,1-12,1-4,1-10,1-9,1-8,1-7,2-3,2-13,2-14,2-12,2-9,3–4,3-
5,3-14,3-13,3-12,3-10,4-5,4-6,4-10,4-12,4-14,5-14,5-11,5-10,5-6,5-7,5
-13,6-7,6-10,6-11,6-8,7-10,7-11,7-13,7-8,7-9,8-9,8-10,8-12,9-11,9-13,

9-14,10-12,11-13,11-14,13–14

ThenumberoftrianglesonFigure7is58:

Figure 7. The spatial image of compound Co Co
6 8
( )µ−
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1-2-3,1-3-13,1-3-12,1-2-13,1-2-12,1-2-9,1-9-8,1-9-7,1-12-8,1-13-
7,1-10-7,1-10-8,1-10-12,1-10-3,1-9-13,1-8-7,2-12-3,2-13-3,2-14-3,
2-14-13,2-9-13,3-12-4,3-13-14,3-13-5,3-4-5,3-14-5,3-14-4,3-10-12,

3-10-4,3-10-5,4-5-14,4-10-12,4-5-10,4-6-10,4-5-6,5-13-11,5-13-14,5-
14-11,5-11-6,5-11-7,5-10-6,5-7-6,5-10-7,6-10-7,6-11-7,6-8-7,6-8-10,
7-11-13,7-8-10,7-8-9,7-9-11,7-9-13,8-10-12,9-11-13,9-13-14,9-14-11,

1-12-4,1-10–4

ThenumberoftetragonflatfacesonFigure7is6:

2-14-4-13,14-4-11-6,11-6-8-9,9-8-2-13,4-6-8-12,2-14-11-9

Thus,thecommonnumberofflatfacesonFigure7is64( )f
2
64= .Thenumberoftetrahedrons

onFigure7is19:

1-2-3-12,1-12-9-7,1-12-8-9,1-2-3-13,1-2-12-9,1-3-11-13,1-9-8-7,2-
12-14-3,3-4-5-14,3-13-4-11,13-8-11-1,4-5-6-11,5-14-10-12,5-11-7-6,
5-10-7-6,5-12-7-10,6-11-7-8,7-9-10-12,1-8-11–7

ThenumberofpyramidsonFigure7is6:

2-12-4-6-3,4-14-6-11-5,6-8-9-11-7,9-8-12-2-1,4-6-8-12-10,2-14-11
-9-13

OnFigure7is1cube:

2-14-4-12-6-8-9–11

andis1octahedron:

1-3-5-7-10–13

Inaddition,inFigure7thereisalsoaclosedbodywith12vertices:

2-13-11-10-6-12-3-5-1–7

HisimageispresentedseparatelyinFigure8.
DeterminethedimensionofthebodyS.Forthisbodyis f

0
10= .ThenumberofedgesonFigure

8is22( )f
1
22= :

1-2,1-13,1-12,1-10,1-7,2-3,2-13,2-12,3-5,3-10,3-13,3-12,5-13,5-11,5-
10,6-7,6-10,6-11,7-10,7-11,10-12,11–13

ThenumberoftrianglesonFigure8is8:

2-3-12,2-3-13,1-2-13,6-5-10,6-5-11,1-2-12,7-6-10,7-6–11
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ThenumberoftetragonflatfacesonFigure8is4:

13-3-5-11,12-3-5-10,1-7-13-11,1-12-10–7

Thus,thecommonnumberofflatfacesonFigure8is12 ( )f
2
12= .Substitutingtheobtained

values f i
i
( , , )= 0 1 2 intheequation(2)youcanseethattheEuler-Poincaréequationissatisfiedin

hiscaseforn=310–22+12=2.ThisprovesthatFigure8ispolyhedronwithdimension3.
Consequently,thetotalnumberofthree-dimensionalfiguresincludedinthepolytopeinFigure7is
19+9=28,i.e.forthisfigure f

3
28= . SubstitutingtheobtainedforFigure7values f i

i
( , , , )= 0 1 2 3 

intheequation(2)youcanseethattheEuler-Poincaréequationissatisfiedinhiscaseforn=414
–50+64–28=0.ThisprovesthatFigure7ispolytopewithdimension4.Nowbacktothereview
ofcobalttetra-anioncluster [ ( ) ( ) ]Co Co CO

6 8 6
4µ− −  inFigure6.OnFigure7showsthespatial

imageofonlypartofthiscompound.Tocreatethespatialimageofthiscompound,itisnecessary
toreleasetheedgesintotheouterpartfromtheverticesoftheoctahedroninFigure7andbuilda
largeroctahedron15-16-17-18-19-20onthefreeverticesoftheseedges.Thisarerededges1
-18,3-15,5-16,7-17,13-19,10-20onFigure9.

Thus, the number of vertices on Figure 9 equal 20 ( )f
0
20= . The construction of a large

octahedrontakingintoaccounttheedgesconnectingtwooctahedronsadds16edgestothebodyin
Figure7.Athree-dimensionalfigureisformedbetweeneachfaceofalargeoctahedronandthe
correspondingfaceofasmalloctahedron.Forexample,athree-dimensionalfigureisformedbetween
thefaceof1-10-7smalloctahedronandtheface18-17-20ofthelargeoctahedron(seeFigure
9)1-10-7-18-17-20.Thenumberofsuchthree-dimensionalfiguresisequaltothenumberof
facesof theoctahedron-8.Inaddition, tofill thespacebetweenthelargeoctahedronandother

Figure 8. The image a closed body S = 2 - 13 - 11 - 10 - 6 - 12 - 3 - 5 - 1 - 7
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convexbodiesthatmakeupthepolytopeinFigure7,itisnecessarytoconnecttheverticesofthe
largeoctahedronwiththeverticesofthecube:

2-14-4-12-6-8-9–11

ThisaddstothebodyinFigure7another24edges:

2-15,12-15,14-15,4-15,14-16,4-16,6-16,11-16,6-17,8-17,9-17,11-17,8-18,
9-18,2-18,12-18,2-19,14-19,9-19,11-19,4-20,12-20,8-20,6–20

Thus,acommonnumberoftheedgesonFigure9is50+16+24=90( )f
1
90= .Theconstruction

ofalargeoctahedrontakingintoaccounttheedgesconnectingtwooctahedronsadds20flatfacesto
bodyonFigure7.Connectiontheverticesofthelargeoctahedronwiththeverticesofthecubeadds
48flatfacestoFigure7.Forexample,thefaceofthecube:

2-14-4–12

whenbuildingalargepyramidonitgivesanadditional8flatfaces:

2-12-15,4-12-15,4-14-15,2-14-15,12-3-15,2-3-15,4-3-15,14-3–15

Figure 9. Spatial image of cobalt tetra - anion cluster [ ( ) ( ) ]Co Co CO
6 8 6

4µ− −
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Sincethefacesatcube6onegetsanadditional48flatfaces.Inthisway,thetotalnumberofflat
edgesinFigure14is64+20+48=132,( )f

2
132= .Theconstructionofalargeoctahedrontaking

intoaccounttheedgesconnectingtwooctahedronsadds9three-dimensionalfacestobodyonFigure
7.Connection theverticesof the largeoctahedronwith theverticesof thecubeadds30 three -
dimensionalfacestoFigure7.Forexample,thefaceofthecube:

2-14-4–12

whenbuildingalargepyramidonitgivesanadditional5three-dimensionalfaces:

2-12-15-3,4-12-15-3,4-14-15-3,2-14-15-3,12-2-15-4–14

Since the faces at cube6oneget anadditional30 three -dimensional faces. In addition,4
tetrahedronsareadditionallyformedbetweenthecubeandthelargeoctahedron,eachofwhichhas
anedgeofoneoftheedgesofarectangularcrosssectionof:

15-16-17–18

largeoctahedron.Forexample,atetrahedron:

18-17-8–9

isformedontheedge17-18.Thus,thetotalnumberofthree-dimensionalareasinthebodyin
figure14is28+9+30+4=71 ( )f

3
71= .Connectiontheverticesofthelargeoctahedronwith

theverticesofthecubeadds2four-dimensionalfacestoFigure7,oneofwhichhasanedge18-17
andsecondhasedges15-16ofarectangularcrosssectionof:

15-16-17–18

largeoctahedron.Forexample,ontheedge17-18formedarea18-1-9-8-7-17(seeFigure9).
Thisareahas6vertices( )f

0
6= .Ithas14edges( )f

1
14= :

1-9,1-8,1-7,1-18,7-8,7-9,7-17,8-9,8-18,8-17,9-18,9-17,9-8,18–17

Ithas14two-dimensionalfaces( )f
2
14= :

1-9-18,1-9-8,1-8-7,1-7-17-18,7-9-17,7-8-9,7-9-17,8-17-18,8-9-17,8-
9-18,9-18–17

Ithas6three-dimensionalfaces( )f
3
6= :

1-9-8-18,1-9-8-7,18-9-8-17,1-18-9-7-17,9-8-7-17,1-8-18-7–17

SubstitutingtheobtainedforFigure7values f i
i
( , , , )= 0 1 2 3 intheequation(2)youcanseethat

theEuler-Poincaréequationissatisfiedinhiscaseforn=414–50+64–28=0.Thisprovesthat
body18-1-9-8-7-17ispolytopewithdimension4.Itisalsoprovedthatthebody15-16-5
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-4-14-3hasthedimension4.Itcanbeshownthat,duetotheorientationofthecubewithrespect
tothelargeoctahedron,similarfour-dimensionalpolytopeswiththeedgesofthelargeoctahedron
18-15and17-16donotform.Connectiontheverticesofthelargeoctahedronwiththeverticesof
thecubeaddsyet6four-dimensionalfacestoFigure7,associatedwiththeformationofstructures
ofthepyramidinthepyramidonthefacesofthecube.Considerforexampletwopyramidsonthe
faceofacube:

2-12-14–4

Thisbodyhas6vertices( )f
0
6= ,13edges( )f

1
13= :

2-3,2-15,12-3,12-15,4-3,14-3,4-15,14-15,3-15,2-12,2-14,4-12,4-14,13

two-dimensionalfaces( )f
2
13= :

2-15-12,2-3-12,4-3-14,4-15-14,3-4-12,15-4-12,2-14-3,2-14-15,12-3-
15,2-3-15,4-3-15,14-3-15,2-14-12–4

and6three-dimensionalfaces( )f
3
6= :

2-14-4-12-3,2-14-4-12-15,4-3-15-14,12-4-3-15,2-12-3-15,2-3-14–15

Substitutingtheobtainedfortwopyramidsvalues f i
i
( , , , )= 0 1 2 3 intheequation(2)youcansee

thattheEuler-Poincaréequationissatisfiedinhiscaseforn=4:14–50+64–28=0.Thisproves
thatconstructionfromtwopyramidsispolytopewithdimension4.Thefour-dimensionalstructureof
twopyramidsontheremainingfivefacesofthecubeisprovedinasimilarway.Inaddition,thepolytope
inFigure9hastwopolytopesformedbyinscribingacubeintoanoctahedron(largeandsmall).Each
ofthesepolytopeshasdimension4(thishasalreadybeenproved).Finally,thepolytopeinFigure9has
apolytopeoctahedroninanoctahedron.Thispolytopealsohasdimension4.Therefore,thetotalnumber
ofpolytopesofdimension4thatmakeupapolytopeinFigure9is11 ( )f

4
11= .Substitutingthe

obtainedforFigure9values f i
i
( , , , , )= 0 1 2 3 4 intheequation(2)youcanseethattheEuler-Poincaré

equationissatisfiedinhiscaseforn=520–90+132–71+11=2.Thisprovesthatdimensionof
cobalttetra-anioncluster[ ( ) ( ) ]Co Co CO

6 8 6
4µ− − equal5.Q.E.D.

HoMo – eLeMeNT MeTAL CyCLeS WITH LIGANDS

The absence of bridging ligands and high symmetry make three - nuclear carbonyls
Ru CO Os CO

3 12 3 12
( ) , ( ) convenientsupportcompoundsforstructuralandtheoreticalstudiesofthree

-memberedhomo-elementmetalcycles.Inmolecules,eachmetalatomisassociatedwithfour
functionalgroups(Figure10).

Itisbelievedthat12ligandsarearrangedsothattheyformananti–cube–octahedronasaligand
polyhedron(Mason,&Rae,1968;Benfield,&Jonson,1981;Gubin,2019).However,evidenceofthis
assumptionhasnotyetbeenprovided.Theproofofthisassertioncouldbeaconcreteconstruction
ofananti–cube–octahedronwithathree-linkmetalcycleenclosedinit,connectionbyvalence
bondsofthemetalcycleatomstotheverticesoftheanti–cube-octahedron.Afterthis,itisrequired
todeterminethepartitionoftheanti–cube-octahedronwiththeconstructedvalencebondsinto
elementarythree-dimensionalcellsandtheverificationoftheimplementationoftheEuler–Poincaré
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(Poincaré,1895)equationfortheconstructedpolytope.Nosuchevidencewascarriedout.Inthis
chapter,thisquestionwillbeconsideredaspartoftheproofofthefollowingtheorem.

Theorem 2:ThegeometricmodelofthreenuclearcarbonylsRuandOsconsistsoftwopolytopes
ofdimension4,touchingeachotherinatwo-dimensionalsection,containingathreenuclear
metalcycle.

Proof:Letusassumethatcarbonylligandsformaligandpolyhedronintheformofananti-cube
-octahedron.Thenthethreenuclearmetalcyclecontainedinananti-cube-octahedronmust
beconnectedbyverticesofananti-cube-octahedronbyvalencebonds.Eachvertexofthe
metalcyclemustbeconnectedwiththefournearestverticesoftheanti-cube-octahedron.In
anarbitrarygeneralformwilllooklikethatshowninFigure11.

Figure 10. Shema of three - nuclear carbonyls Ru and Os

Figure 11. The anti - cube - octahedron with the three nuclear metal cycle
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Atthevertices12,13,14,belongingtothemetalcycle,therearemetalatoms,andatthe12
verticesoftheanti-cube-octahedronfunctionalgroupsCOarepresent.Thevalencebondsofthe
metalatomswitheachotherandthefunctionalgroupsareindicatedbyrededges.Theedgesofthe
anti-cube-octahedronisdenotedbysolidblacklines.Valencebondsandedgesofanti-cube-
octahedronalreadycreateconvexthree-dimensionalbodies:

2-3-4-12,2)5-6-15-14,3)1-9-13-7,4)9-12-13-14-15,5)1-2-12-9-13,6)3
-4-12-11-5-15,7)4-12-5-15-14,8)2-4-9-14-12,9)7-9-14-6-13-15,10)anti
-cube-octahedron 1)

However,bodyparticlesdonotyetcreateapartitionofthespaceinsidetheanti-cube-octahedron
intoelementarythree-dimensionalcells,i.e.donotcreatethestructureofthisspace.Tocreateit,
youneedtoaddmoreedgesbetweenthe15verticesofthesystem.Youneedtodothiscarefully
enoughsoasnottocometopossiblecontradictions.Todothis,chooseinthesystemthesmallest
possiblenumberofplacesforholdingtheseedgessothateachaddededgeleadstothecreationof
themaximumnumberofthree-dimensionalbodies.Suchplacescanbesymmetricallylocatededges
(indicatedbydottedlines)13-10,12-11,11-15.Theseedgesleadtothecreationofawholeseries
ofthree-dimensionalbodies:

1-7-8-10-13,12)13-10-11-15-12-8,13)10-3-11-12,14)7-8-13-15-6,15)9-13
-12-14-15,16)1-3-10-2-13-12,17)3-10-12-11,18)5-6-8-11-1511)

Now the whole space of the anti - cube - octahedron is divided into three - dimensional
polyhedrons.

Twonumbersarealreadythere f f
0 3
15 18= =, .Itisnecessarytocountthenumberofedges

andthenumberofflattwo-dimensionalelements.ItispossibletodeterminethatFigure11has45
edges( f

1
45= ) :

1-2,1-9,1-10,1-13,1-7,2-3,2-4,2-12,2-9,3-10,3-12,3-11,3-4,4-12,4-14,
4-5,5-11,5-14,5-15,5-6,6-14,6-15,6-8,6-7,7-8,7-13,7-9,8-15,8-10,8-13,
8-11,9-12,9-14,9-13,10-12,10-11,10-13,11-2,11-15,12-13,12-14,12–15,13-
15,14-15

31two-dimensionalelements( f
2
31= ) (two-dimensionalelementsthatareasectionofthree

-dimensionalfiguresarenottakenintoaccount):

1-2-3-10,1-2-9,1-9-13,1-10-13,1-9-7,2-3-4,2-4-12,2-4-9-14,3-10-12,
3-10-11,3-4-12,3-4-5-11,3-12-11,4-14-12,4-5-14,5-14-15,5-15-6,5-14

-6,6-14-15,5-6-8-11,6-8-15,7-8-6,7-8-13,7-9-13,8-13-10,8-11-15,8-10
-11,1-7-8-10,1-2-12-13,9-12-13,11-15-12

Substitutingtheobtainedvalues f i
i
( , , , )= 0 1 2 3 intheequation(2)youcanseethattheEuler

-Poincaréequationisnotsatisfiedinthiscase:

15–45+31–18=-17<0

ThisprovesthatFigure11isnotpolytope.
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Thereasonforthisliesinthefactthatnotalltheflatfacesofthe45facesarethefacesoftwo
adjacentpolyhedrons.ItcanbedeterminedfromFigure11thatthefaces3-10-12,3-12-11are
notatthesametimethefaceoftwoneighboringpolyhedrons(theyareonlyapartofthefaceof
neighboringpolyhedrons).Thisisanecessaryconditionfortheexistenceofapolytopeinthiscase,
dimension4.Withincreasingpolytopedimension,eachflatfacemustsimultaneouslybethefaceof
anevenlargernumberofthree-dimensionalfaces(Zhizhin,2019b).Attemptstodrawadditional
edgesinFigure11,inordertocreateadditionalthree-dimensionalbodieswithfaces3-10-12,3
-12-11,leadtotheemergenceofnewflatfaces,whichneedtobeclosedbynewpolyhedrons,and
thisprocessisdifficulttocomplete.Makeitfails.Itshouldberecognizedthattheassumptionmade
at the beginning about the anti - cube - octahedron as a ligand polytope of compounds
Ru CO Os CO

3 12 3 12
( ) , ( ) isnotcorrect,sinceitisnotprovable.
Tocreateageometricimageofaclusterwiththeskeletonofathree-barmetalcycle,oneshould

turntothecoordinationofligandsaroundeachatomofthecycle.Thiscoordinationisoctahedral.In
thecaseofaclosedcycle,coordinationaroundeachatomoverlapseachother.Considertheplanein
whichthemetalcycleislocated(Figure12).

Inthisplane,therearethreeintersectingcrosssectionsoftheoctahedroncoordinationofligands
aroundeachmetalatom.InthefiguresinFigure12,thesesectionsare:

1-2-4-5,4-7-8-9,5-7-13–14

Valencebondsareindicatedbyrededges.Atthevertices4,5,7arelocatedthemetalatoms.
Inotherverticesarelocatedfunctionalgroups.Passingfromtheoctahedronsectionintospace,one
shoulddrawsegmentsperpendiculartothesectionplaneatvertices4,5,7.Thesesegmentsshould
intersectthesectionplaneandarelocatedabovethesectionplaneforthebondlengthandbelow
thesectionplaneforthebondlengthtoo.Fromthefreeverticesofthesesegments,theedgesofthe
octahedronsconnectingtheseverticeswiththeverticesofeachcorrespondingoctahedronshouldbe
drawn.Theoverallpictureoftheintersectionofthreeoctahedronsintheprojectionontheplanewill
bequitecomplicated.Inaddition,tocreateageometricimageoftheentireclusterintheformofa
convexclosedfigure,itisnecessarytofillthespacebetweentheoctahedrons.Here,aswellasinthe
previouschapter,itisnecessarytoremovepartoftheedgesofoctahedronsthathaveceasedtobear
thefunctionofcreatingaconvexfigureintheclusterimage,andaddtheedgesnecessarytocreatea
convexfigureintheclusterimage.ThefinalclusterfigureisshowninFigure13.

Figure 12. A section of a cluster containing a closed three - bar metal cycle
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Theverticesoftheoctahedronsabovethesectionalplane(Figure12)aremarkedwithnumbers
3,11,15.Theverticesoftheoctahedronsbelowthesectionplane(Figure12)aredesignatedwith
numbers6,10,12.Inaccordancewithwhatwassaidearlier,inFigure13eightedgesof6-5,7-9,
3-5,7-11,8-4,2-4,12-7,1-5fromalledgesofoctahedronswithmarkedverticesareremoved.
Atthesametime,eightotheredgesareadded2-13,8-14,6-10,10-12,6-12,3-15,15-11,
3-11.Theedgesconnectingtheindicatedverticesofthreeparalleloctahedronshavebluecolor.
Theedgescorrespondingtothevalencebondsaremarkedinred,theotheredgeshaveablackcolor.
TheconstructioninFigure13canbedividedintotwopolytopes:onepolytope,locatedabovethe
sectioninwhichtheclosedcycleofmetalatomsislocated(Figure14);anotherpolytopeislocated
underthissection(Figure15).

Thesectionthatseparatesbothpolytopesandatthesametimebelongstobothpolytopes,taking
intoaccounttheaddedandremovededges,hastheformshowninFigure16.

OnedefinedthedimensionoftheupperpartoftheclustershowninFigure5.Thisparthas12
vertices( f

0
12= ) ,35edges( f

1
35= ) :

1-2,1-7,1-3,1-9,2-3,2-7,2-13,3-7,3-4,3-11,3-13,3-15,4-7,4-13,4-15,4
-14,4-11,4-5,5-11,5-8,5-9,5-7,5-14,5-15,7-13,7-15,8-11,8-14,8-9,9-11,

11-14,11-15,13-14,13-15,14-15

41two-dimensionalelements( f
2
41= ) :

1-2-7,1-7-5-9,1-7-3,1-2-3,1-3-11-9,2-3-7,2-3-13,2-13-7,3-13-15,
3-4-11,3-4-15,3-4-7,3-7-15,3-13-14-11,3-13-4,4-7-5,4-5-11,4-7-13,4
-5-14,4-11-14,3-13-7,4-13-15,4-11-15,4-13-14,4-15-14,4-15-5,4-7-15,
5-9-11,5-15-11,5-11-14,5-14-8,5-11-8,5-15-14,5-8-9,8-11-14,8-9-11,

11-15-14,13-14-15,3-7-4-15,5-11-4-15,3-7-5-11

18three-dimensionalelements( f
3
18= ) :

1-2-7-3,1-3-7-11-5-9,2-3-7-13,3-7-4-13,3-7-4-15,3-13-15-4,3-13-
15-14-11,3-13-14-11-7-5,3-4-11-14-13,3-4-7-5-11,4-7-5-15,4-13-14

-15,4-5-11-14,4-15-11-14,5-15-11-14,5-14-11-8,5-11-8-14,5-11-8–9

externalthree-dimensionalsurfaceofFigure14.
Substitutingtheobtainedvalues f i

i
( , , , )= 0 1 2 3 intheequation(2)youcanseethattheEuler

-Poincaréequationissatisfiedinhiscaseforn=4:

12–35+41–18=0

ThisprovesthatFigure14ispolytopewithdimension4.
Thelowerpartofthecluster(Figure15)issymmetricaltotheupperpartofthecluster(Figure

14)relativetothecrosssectionseparatingthem.Theperpendicularstothesection3-7,5-11,4-15in
theupperpartoftheclusterareequalinlengthtotheperpendicularstothesectioninthelowerpart
oftheclusterpassingthroughthesamepointsinthesection,respectively,7,4,5.Eachedgeinthe
upperpartoftheclusterhasanedgeinthelowerpartofthecluster.Therefore,thedimensionofthe
polytopeofthelowerpartoftheclusterisequaltothedimensionofthepolytopeoftheupperpart
ofthecluster,i.e.itisequalto4.Thiscanalsobeseenbydirectlycountingthenumberofelements
ofdifferentdimensionsatthebottomofthecluster.



International Journal of Applied Nanotechnology Research
Volume 4 • Issue 2 • July-December 2019

61

Figure 13. Spatial image of the cluster with a closed three - bar metal cycle

Figure 14. The polytope upper part of a cluster with a three - bar metal atom cycle

Figure 15. The polytope lower part of a cluster with a three - bar metal atom cycle
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Q.e.D.
Theclusterligandpolyhedronisnotananti-cube-octahedron.

Thetopviewofthecluster(fromapointabovethetriangle3-15-11)coincideswiththeview
oftheclusterfromthebottom(fromapointundertriangle6-10-12),asfollowsfromFigure17.

Onlythenumbersofthepointsofthebluetrianglechange(thenumbersforthelowerpartofthe
clusterareindicatedinbrackets).ThespatialimageoftheligandpolyhedronisshowninFigure18.

AsfollowsfromFigures8,9theligandpolyhedroncontains12vertices( f
0
12= ) ,28edges(

f
1
28= ) ,18flatfaces(2trapeziums,16triangles)( f

2
18= ) .

Substitutingtheobtainedvalues f i
i
( , , )= 0 1 2 intheequation(2)youcanseethattheEuler–

Poincaréequationissatisfiedinhiscaseforn=3:

12–28+18=2

ThisprovesthatFigure18ispolyhedronwithdimension3.
Itisclearlyseenthattheligandpolyhedronisnotananti-cube-octahedron,aswasassumed

earlier.
Theligandpolyhedroncrosssectiondividestheligandpolyhedronintotwoparts,whicharealso

three-dimensionalsurfaces.Ifthesectionisahexagon,thenineachhalfthereare9vertices( f
0
9= ) ,

17 edges ( f
1
17= ) , 10 two - dimensional faces ( f

2
10= )  . Substituting the obtained values

f i
i
( , , )= 0 1 2 intheequation(2)youcanseethattheEuler–Poincaréequationissatisfiedinhis

caseforn=3:

9–17+10=2

IfthecrosssectionoftheligandpolyhedronisthesectioninFigure16(itwasusedtoanalyze
theupperandlowerpartsoftheclusterwhendeterminingtheirdimensions),theneachofthehalves
also representsa three -dimensionalsurface. In thiscase, foreachof thehalves, thenumberof
verticesincreasesby3,thenumberofedgesincreasesby9,thenumberofflatfacesincreasesby6.
ThetotalchangeintherightsideoftheEuler-Poincaréequationis3–9+6=0.Thus,therightside
ofequation(2)doesnotchange.Thesurfacesremainthree-dimensional.

Figure 16. A section dividing a cluster with a three - bar closed cycle of metal atoms into two polytopes
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CoNCLUSIoN

Thegeometryofmulti-shellmetalclusterswithligandsisstudied.Itisprovedthattheseclusters
havethehighestdimensionand,dependingonthegeometryofthecore(octahedron,cuboctahedron),
thecorrespondingpolytopeseitherhavethetypeofcross-polytope,ortheirtypedifferssignificantly
fromthesimplexandcross-polytope.Itwasshownthatthecoreofgiantpalladiumclustercontaining
561atomswithfiveshellshasadimensionof8.Theerroneousnessoftheassertionsthatthecoreof
giantpalladiumclusterisalatticeE

8
knownincrystallographyisproved.Aspatialimageofthe

cobalttetra-anionclusterispresentedanditisprovedthatitsdimensionis5.Thegeometryofhomo-
elementmetalcycleswithligandsisstudied.Inparticular,itwasprovedthattheligandsinthethree
nuclearcarbonylsofrutheniumandosmiumdonotformaligandpolyhedron,aswaspreviously
assumed.Theconstructionofclusterinthiscasecanbedividedintotwopolytopes:onepolytope,
locatedabovethesectioninwhichtheclosedcycleofmetalatomsislocated;anotherpolytopeis
locatedunderthissection.

Bothpolytopesadjacenttoeachotherinaflatsectionhaveadimensionof4.

Figure 17. Top and bottom views of ligand polyhedron

Figure 18. The spatial image of the ligand polyhedron



International Journal of Applied Nanotechnology Research
Volume 4 • Issue 2 • July-December 2019

64

ReFeReNCeS

Ashrafi,A.R.,Cataldo,F.,Iranmanesh,A.,&Ori,O.(Eds.).(2013).Topological Modelling of Nanostructures 
and Extended Systems.Springer.doi:10.1007/978-94-007-6413-2

Audier,M.,Pannetier,J.,Leblanc,M.,Janot,C.,Lang,L.M.,&Dubost,B.(1988).Anapproachtothestructure
ofquasicrystals:AsinglecrystalX–RayandneutrondiffractionstudyoftheR–Al5CuLi3phase.Physica B, 
Condensed Matter,153(1-3),136–142.doi:10.1016/0921-4526(88)90039-7

Benfield,R.E.,&Johnson,B.F.G. (1981).Structuresand fluxionalbehaviourof transitionmetal cluster
carbonyls.Transition Metal Chemistry (Weinheim),6(3),131–144.doi:10.1007/BF00624332

Bergman,G.,Waugh,J.L.T.,&Pauling,L.(1952).CrystalstructureoftheintermetalliccompoundMg32(Al,
Zn)49andrelatedphases.Nature,169(4312),1057–1058.doi:10.1038/1691057a0

Bergman,G.,Waugh,J.L.T.,&Pauling,L.(1957).ThecrystalstructureofthemetallicphaseMg32(Al,Zn)
49.Acta Crystallographica,10(4),254–259.doi:10.1107/S0365110X57000808

Conway, J. H., & Sloane, N. J. A. (1988). Sphere Packings, Lattices, and Groups. Springer – Verlag.
doi:10.1007/978-1-4757-2016-7

Coxeter,H.S.M.(1963).Regular Polytopes.Dower.

Diudea,M.V.(2018).Multi – shell Polyhedral Clusters.Springer.doi:10.1007/978-3-319-64123-2

Diudea,M.V.,&Nagy,C.L.(2007).Periodic Nanostructures.Springer.doi:10.1007/978-1-4020-6020-5

Gosset,T.(1900).Ontheregularandsemi-regularfiguresinspaceofndimensions.Messenger of Mathematics.,
29,43–48.

Gubin,S.P.(2019).Chemistry clusters. Basics of classification and structure.EditorialURSS.

Komura, Y., Sly, W. G., & Shoemaker, D. P. (1960). The structure of the R phase, Mo – Cu – Cr. Acta 
Crystallographica,13(8),575–585.doi:10.1107/S0365110X60001394

Lord,E.A.,Mackay,A.L.,&Ranganathan,S.(2006).New Geometry for New Materials.CambridgeUniversity
Press.

Mackay,A.L. (1962).Adensenon– crystallinepackingof equal spheres.Acta Crystallographica,15(9),
1916–1918.doi:10.1107/S0365110X6200239X

Mason,R.,&Rae,A.I.M.(1968).Thecrystalstructureofrutheniumcarbonyl,Ru3(CO)12.Journal of the 
Chemical Society, Section A: Inorganic, Physical, Theoretical,778.doi:10.1039/j19680000778

McMullen, P., & Schulte, P. (2002). Abstract Regular Polytopes. Cambridge Univ. Press. doi:10.1017/
CBO9780511546686

Nyman,H.,&Andersson,S.(1979).OnthestructureofMn5Si3,Th6Mn23andγ–brass.Acta Crystallographica. 
Section A, Crystal Physics, Diffraction, Theoretical and General Crystallography,35(4),580–583.doi:10.1107/
S0567739479001364

Pauling,L.(1960).The Nature of the Chemical Bond and the Structure of Molecules and Crystals: An Introduction 
to Modern Structural Chemistry(3rded.).CornellUniversityPress.

Poincare`,A.(1895).Analysissitus.J. de é Ecole Polytechnique, 1,1–121.

Samson,S.(1972).ComplexcubicA6Bcompounds.II.ThecrystalstructureofMg6Pd.Acta Crystallographica. 
Section B, Structural Crystallography and Crystal Chemistry,28(3),936–945.doi:10.1107/S0567740872003437

Shevchenko,Y.Y.(2011).Search in Chemistry, Biology and Physics of the Nanostate.Saint-Petersburg:Lema.

Vargaftik,M.N.(1985).Article.Reports of the Academy of Sciences of the USSR,284(4),896–899.

Zhizhin,G.V.(2013).Imagesofconvexregularandsemiregularn-dimensionalpolytopes.InProceedings of 
the 9th All-Russian Scientific School “Mathematical Research in the Natural Sciences”.GeologicalInstitute
KSCRAS.

http://dx.doi.org/10.1007/978-94-007-6413-2
http://dx.doi.org/10.1016/0921-4526(88)90039-7
http://dx.doi.org/10.1007/BF00624332
http://dx.doi.org/10.1038/1691057a0
http://dx.doi.org/10.1107/S0365110X57000808
http://dx.doi.org/10.1007/978-1-4757-2016-7
http://dx.doi.org/10.1007/978-3-319-64123-2
http://dx.doi.org/10.1007/978-1-4020-6020-5
http://dx.doi.org/10.1107/S0365110X60001394
http://dx.doi.org/10.1107/S0365110X6200239X
http://dx.doi.org/10.1039/j19680000778
http://dx.doi.org/10.1017/CBO9780511546686
http://dx.doi.org/10.1017/CBO9780511546686
http://dx.doi.org/10.1107/S0567739479001364
http://dx.doi.org/10.1107/S0567739479001364
http://dx.doi.org/10.1107/S0567740872003437


International Journal of Applied Nanotechnology Research
Volume 4 • Issue 2 • July-December 2019

65

Zhizhin,G.V.(2014).World – 4D.PolytechnicService.

Zhizhin,G.V. (2018).Chemical Compound Structures and the Higher Dimension of Molecules: Emerging 
Research and Opportunities.IGIGlobal.doi:10.4018/978-1-5225-4108-0

Zhizhin,G.V.(2019a).HigherDimensionsofClustersofIntermetallicCompounds:DimensionsofMetallic
Nanoclusters.Int.Journal of Applied Nanotechnology Research,4(1),8–25.doi:10.4018/IJANR.2019010102

Zhizhin,G.V.(2019b).The Geometry of Higher – Dimensional Polytopes.IGIGlobal.doi:10.4018/978-1-
5225-6968-8

http://dx.doi.org/10.4018/978-1-5225-4108-0
http://dx.doi.org/10.4018/IJANR.2019010102
http://dx.doi.org/10.4018/978-1-5225-6968-8
http://dx.doi.org/10.4018/978-1-5225-6968-8

