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Higher Dimensions of Clusters 
of Intermetallic Compounds:
Dimensions of Metallic Nanoclusters
Gennadiy V Zhizhin, Skolkovo Innovation Center, Moscow, Russia

ABSTRACT

Theauthorhaspreviouslyproventhatdiffractionpatternofintermetalliccompounds(quasicrystals)
havetranslationalsymmetryinthespaceofhigherdimension.Inthispaper, it isprovedthatthe
metallicnanoclustersalsohaveahigherdimension.Theinternalgeometryofclusterswasinvestigated.
Generalexpressionsforcalculatingthedimensionofclustersisobtained,fromwhichitfollowsthat
thedimensionofmetallicnanoclustersincreaseslinearlywithincreasingnumberofclustershells.
Thedimensionsofmanyexperimentallyknownmetallicnanoclustersaredetermined.Itisshown
thattheseclusters,whichareusuallyconsideredtobethree-dimensional,haveahigherdimension.
TheEuler-Poincaréequationwasused,theinternalgeometryofclusterswasinvestigated.

KeywoRDS
Cluster, Dimension, Edge, Face, Icosahedron, Polytope, Vertices

INTRoDUCTIoN

Currently,alargeamountofscientificliteratureisdevotedtothestudyofnanoobjects(Gubin,2019;
Haberland,1994;Gusev,&Rempel,2000;Suzdalev,2005).Asystematicstudyofthegeometryof
thestructuresofchemicalcompounds (Zhizhin,2017,2018)showed thatalmostallelementsof
theperiodicsystemformmoleculesofhigherdimension.It isnatural toassumethatclusters,as
largerthanformationmolecules,includingalargenumberofatoms,canhaveahigherdimension.
However,untilrecently,clustersasthree-dimensionalobjects(Lord,Mackay,&Ranganathan,2006;
Pauling, 1960).There are abstractmethods for describing clusters, strictly speaking, not related
to specific chemical compounds (Diudea & Nagy, 2007; Ashrafi, Cataldo, Iraumanesh, & Ori,
2013).Intheseworks,proceedingfromthewell-knownthree-dimensionalpolyhedronsofPlato
andArchimedes,theyaretransformedbyvariousoperations:constructionofapolyhedronbythe
midpointsofedges,truncation,constructionofadualpolyhedron,addingverticesofapolyhedron,
etc.Atthesametime,suchtransformationsareinnowayconnectedwithrealchemicalcompounds.
Inaddition,considerationofthetransformedbodiesiscarriedoutinacertainabstractspace,asif
“forgetting”abouttherealdimensionofchemicalcompounds(MacMullen,&Schulte,2002).This
clusterresearchdirectionismostclearlyformulatedinageneralizingmonographofDiudea(2018).
Intheprefacetoit,itisdirectlyemphasizedthattheclustermodelsbuiltinitarenotassociatedwith
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specificcrystallographicobjects: real crystals,networks, andquasicrystals.Thispaperdiscusses
clustersofrealchemicalcompounds.Moreover,inthiswork,considerationofclustersislimitedto
aspecialtypeofchemicalcompounds-intermetalliccompounds,sincethestudyofintermetallic
compoundshashadasignificantimpactonthedevelopmentofscientificviewsinrecentdecades.In
particular,thediscoveryofso-calledquasicrystalsisassociatedwithintermetalliccompounds,i.e.
crystalssupposedlydevoidoftranslationalsymmetry(Shechtman,Blech,Gratias,&Cahn,1984).
Althoughitwaslatershownthatquasicrystalshavetranslationalsymmetry,butinthespaceofhigher
dimension(Shevchenko,Zhizhin,&Mackay,2013a,b;Zhizhin,2014c;Zhizhin,&Diudea,2017).

Clusters of Mackay
Mackay’sclusterconsistsoftwoicosahedronsofdifferentsizeswithacommoncenter(Mackay,
1962).Alargericosahedronisobtainedbyattachinganumberoftetrahedronsandoctahedronsto
thesurfaceofthesmallericosahedron.However,todeterminethedimensionofMackay’scluster,
onlytheresultofthisconnectionisimportant-theformationofalargericosahedron.Moreover,
eachvertexofthelargericosahedronislocatedonacertainlinepassingthroughthecommoncenter
oftheicosahedrons.Onthesamelineislocatedoneoftheverticesofthesmallericosahedron(Lord
etal.,2006).Inallverticesofeachicosahedron,oneatomislocated.Inaddition,thereisonemore
atominthemiddleofeachedge.Sincetheicosahedronhas12verticesand30edges,itturnsoutthat
Mackay’sclusterhas54atoms(Figure1).

Inthisfigure,theatomsinthemidpointsoftheedgesofthelargericosahedronarenotshown,
since indetermining thedimension theatoms locatedon the linearportionsof theedgesdonot
matter.Connecttheedgesoftheverticesofbothicosahedralyingonthesamelinepassingthrough
the common center of the icosahedrons (dotted lines in Figure 1). The icosahedra are arranged
symmetricallywith respect to a commoncenter and eachother.Therefore, the straight line that
leavesthecommoncenterandpassesthroughthevertexofoneoftheicosahedranecessarilypasses
throughthecorrespondingvertexoftheothericosahedron.Thisshowsthatthespacebetweenthe
icosahedronsiscompletelyfilledwithtriangularprisms,thebasesofwhicharethetriangularfaces
ofthesmallerandlargericosahedrons.

Figure 1. The cluster of Mackay
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These prisms are adjacent to each other along flat quadrilateral side faces. The number of
theseprismsisequaltothenumberoftriangularfacesoftheicosahedron,i.e.,20.Todeterminethe
dimensionoftheconstructionoftwoicosahedrawithacommoncenter,betweenwhichthereare20
triangularprisms,makeuseoftheEuler–Poincaréformula(Poincaré,1895):

( ) ( ) ( )− = + − −

=

−

∑ 1 1 1 1

0

1
i
i

d

i

d

f P  (1)

In(1) f P
i
( ) isthenumberoffaceswithdimensioniinpolytopePwithdimensiond.

Foragivendesign,wehave:

f f f f
0 1 2 3

2 12 24 2 30 12 72 2 20 30 70 20 2 22= ⋅ = = ⋅ + = = ⋅ + = = + =, , , 

SubstitutingthesevaluesintheEquation(1),weobtain24–72+70–22=0.Thisprovesthat
thedimensionofMackay’sclusterwithtwoonlyicosahedralshellsis4.

Tothefirstaswellthesecondicosahedronthetetrahedronsandoctahedronscanbeattachedand
athirdicosahedralshellcanbeobtained.Thisprocesscanbecontinued.

Theorem 1:Thedimensiondofaclusterofn-icosahedronswithacommoncenteris2+n.
Proof:Ifaclusterconsistsofthreeshellsofanicosahedronwithacommoncenter,then:

f f f f
0 1 2 3

3 12 36 3 30 2 12 114 3 20 2 30 120 2 20 3 43= ⋅ = = ⋅ + ⋅ = = ⋅ + ⋅ = = ⋅ + =, , , 

Thenumberoffour-dimensionalfiguresinthiscaseisequalto f C
4 3

2 3= = . Substituting
thesevaluesintheEquation(1),wehave36–114+120–43+3=2.Thisprovesthatthedimension
ofMackay’sclusterwiththreeicosahedralshellsisd=5.

Ifaclusterconsistsoffourshellsofanicosahedronwithacommoncenter,then:

f f f f
0 1 2 3

4 12 48 4 30 3 12 156 4 20 3 30 170 3 20 4 64= ⋅ = = ⋅ + ⋅ = = ⋅ + ⋅ = = ⋅ + =, , , 

Thenumberoffour-dimensionalfiguresinthiscaseisequalto f C
4 4

2 6= = . Thenumberof
five -dimensional figures in thiscase isequal to f C

5 4
3 4= = . Substituting thesevalues in the

Equation(1),wehave48–156+170–64+6-4=0.ThisprovesthatthedimensionofMackay’s
clusterwithfouricosahedralshellsisd=6.Ifaclusterconsistsoffiveshellsofanicosahedronwith
acommoncenter,then:

f f f f
0 1 2 3

5 12 60 5 30 4 12 198 5 20 4 30 220 4 20 5 85= ⋅ = = ⋅ + ⋅ = = ⋅ + ⋅ = = ⋅ + =, , , 

Thenumberoffour-dimensionalfiguresinthiscaseisequalto f C
4 5

2 10= = . Thenumberof
five-dimensionalfiguresinthiscaseisequalto f C

5 5
3 10= = . Thenumberofsix–dimensional

figuresisequalto f C
6 5

4 5= = . SubstitutingthesevaluesintheEquation(1),wefind60–198+
220–85+10–10+5=2.ThisprovesthatthedimensionofMackay’sclusterwithfiveicosahedral
shellsisd=7.Theseconstructionscanbecontinued.However,itisnowpossibletowritegeneral
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expressionsforthenumbersofelementsofdifferentdimensionsinaclusterwithanarbitrarynumber
nofshellsoficosahedraandtogiveaformulaforcalculatingitsdimension.So,inthen-shellcluster
oficosahedrons,wehave:

f n f n n f n n f n n

f
0 1 2 3

4

12 30 1 12 20 1 30 1 20= ⋅ = ⋅ + − ⋅ = ⋅ + − ⋅ = − ⋅ +, ( ) , ( ) , ( ) ,

== = =+
−C f C f C

n n n n
n2

5
3

1
1, ,..., .

 (2)

IfsubstitutethesevaluesintoEquation(1)andopeningthebracketsyoucanseethatinthiscase
theleftsideoftheEuler–PoincaréEquation(1)takestheform:
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TocalculatethesumontherightsideofEquation(3),weusethewell-knownexpressionforthe
alternatingseriesofcombinations(Vilenkin,1969):

C C C C
n n n

n
n
n0 1 2 1 0− + − + − =... ( ) .  (4)

Fromtheseries (4), taking intoaccount theequalitiesC C C n
n n

n
n

0 11= = =, , it follows

thatwhenniseventhesum C
n
k

k

n
k

=

−

∑ −
2

1

1( ) intherightsideofEquation(3)isn–2whilenis

oddthesumisequalton.Therefore,therightsideofEquation(3)coincideswiththeright
sideofEquation(1).Thisprovesthatthefiguresinquestionareclosedconvexpolytopesand
they satisfy the Euler – Poincaré equation. At the same time, from Equation (2), since
f C
n n

n
+ = =

2
1 ,itfollowsthatthedimensiondofaclusterofn-icosahedronswithacommon

centerisequalton+2.Q.E.D.
Thus,itisprovedthatthedimensionofaclusterofnicosahedralshellswithacommoncenter

increases linearlywith thenumberof icosahedralshells.The totalnumberofatoms inacluster,
includingthenth layer,isn n n( ) /10 15 11 32 + + (Lordetal.,2006).

Clusters of 𝛄 – Brass
Thestructureofγ-brasswasdescribedasearlyas1926intheconceptofalatticeofcubiccells
(Bradley,&Thewlis,1926).Pauling(1960)whileconsideringthestructureofγ-brass,noticedthat
thisstructureisicosahedral(Pauling,1960).Nyman&Anderson(1979)describedthealloyMn5Si3,
Th6Mn23andγ-brassasa26-atomicclusterofidenticalballs,althoughitshouldbenotedthat
atomsarenotidenticalballs.First,theelectronorbitalsofatomsintheouterlayerhaveacomplex
shape,veryfarfromtheshapeofaball,especiallyfortransitionmetals.Secondly,differentmetals
areusedinthealloys,theyarenotidentical.

Theorem 2:Aγ-brassclusterhasthedimensiond=4+3n,wherenisthenumberofclustershells
(n=0,1,2,…).Theclusterisad-cross-polytopeandthenumberofelementsofthedimension
iincludedintheclusterisdeterminedbytheratio f d C

i
i
d
d i( )= + − −21 1 .

Proof:Alloysofγ-brass,aswellasotherintermetallicalloys,areconvenientlyconsideredusing
tetrahedrons(Lordetal.,2008).Placefouratomsattheverticesofthe1234tetrahedron.
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Then on each flat face of the tetrahedron 1234 one set up another tetrahedrons (Figure 2).
(Elementsofanydimensioninapolytopearecalledfaces.)

Next,thefigureappearsincluding8atoms(vertices1-8).Connectthevertices5,6,7,8of
edges.Theyalsoformatetrahedron.Asaresult,theresultingfigure(Figure3)isa4-cross-polytope
(Zhizhin,2018).

Inthispolytope,inadditionto8vertices,thereare24edges,32flattriangularfaces,and16
tetrahedrons.Eachvertexhasnoedgeconnectiontosomeother(opposite)vertex.Theseunconnected
verticesformpairs1–7,2–8,3–5,4–6.Thispairscantoplacevertically:

1

7

  2 3 4

 8 5 6


Eachvertexinthetoprowthenumbersdoesnothaveaconnectionwiththevertexinthebottom
row,justbelowthisvertex.Thispolytopehasdimension4.Uponfurtherjoiningofthetetrahedronsto
theedgesoftheoriginaltetrahedron1234(twotetrahedronstotheedge),afigureisformedcontaining
14vertices.Eachnewlyformedvertexislocatedoppositeoneoftheedgesofthetetrahedron1234.

Figure 2. The tetrahedron with tetrahedrons on its faces

Figure 3. The 4 – cross - polytope
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Ifwedesignatethenewlyformedverticesbyapairofverticesofthecorrespondingedgesofthe
originaltetrahedron1234,thenthesearethenextvertices(1,2),(1,3),(1,4),(2,3),(2,4),(3,4).
Amongthesenewlyformedvertices,oppositeverticescanbedistinguished,giventheoppositeedges
oftheoriginal1234tetrahedron.Theseoppositeverticesalsoformpairs:

( , )2 3  (1,2) (1,3)

(1,4) (4,3) (2,4)


Ifoneconnectedtheremainingverticesofedges,leavingpairs:

1

7

  2 3 4

 8 5 6


unconnected,socantogeta7–cross-polytope.Inatopologicallyequivalentform,thispolytope
ofdimension7isshowninFigure4.

Fromthegeneralexpressionforthenumberofelementsofthedimensionandinthed-cross-
polytope(Zhizhin,2013,2014c,2018) f d C

i
i
d
d i( )= + − −21 1 itfollowsthatthenumberofverticesin

thispolytope f C
0 7

62 14= ⋅ = , thenumberofedges f C
1

2
7
52 84= ⋅ = , thenumberoftrianglefaces

f C
2 7

48 280= ⋅ = , thenumberoftetrahedrons f C
3 7

316 560= ⋅ = , thenumberoffour–dimension
simplexes f C

4 7
232 672= ⋅ = , thenumberoffive–dimensionsimplexes f C

5 7
164 448= ⋅ = , the

numberofsix–dimensionsimplexes f
6

128= .
Ifoneconnectedapairoftetrahedronstotheedgesofthetetrahedron5678,socantoobtain

sixmorevertices(5,6),(5.7),(5,8),(6,7),(6,8),(7,8).Oppositeonescanbedistinguishedamong
thesevertices,consideringtheoppositeoftheedgesofthetetrahedron5678:

Figure 4. The 7 – cross - polytope
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( , )5 6  (5,8) (6,8)

(8,7) (6,7) (5,7)


Ifoneconnectedtheremainingverticeswithedges,leavingpairs:

1 2 3 4

7 8 5 6

( , )2 3  (1,2) (1,3)

(1,4) (4,3) (2,4)

( , )5 6  (5,8) (6,8)

(8,7) (6,7) (5,7)


unconnected, so can to get a 10 – cross - polytope. In this polytope the number of vertices is
f C
0 10

910 2 20( ) ,= ⋅ = thenumberofedgesis f C
1

2
10
810 2 180( ) ,= ⋅ = thenumberoftrianglefaces

f C
2 10

710 8 960( ) ,= ⋅ = thenumberoftetrahedrons f C
3 10

610 16 3360( ) ,= ⋅ = thenumberoffour
– dimension simplexes f C

4 10
510 32 8064( ) ,= ⋅ =  the number of five – dimension simplexes

f C
5 10

410 64 13440( ) ,= ⋅ = thenumberofsix–dimensionsimplexes f C
6 10

310 128 15360( ) ,= = the
numberofseven–dimensionsimplexes f C

7 10
210 256 11520( ) ,= = thenumberofeight–dimension

simplexes f C
8 10

110 512 5120( ) ,= = thenumberofnine–dimensionsimplexes f
9

10 1024( ) .=
Continuingtoattachtetrahedronstoaclusterof20vertices,keepingtheorderofattachment,as

intheprevioussteps,aclusterof26atomscanbeobtained.Thiswillbethe13-cross–polytope.
Inthispolytope,thenumberofverticesis f C

0 13
1213 2 26( )= ⋅ = andthenumberoftetrahedronsis

f C
3

4
13
913 2 45760( )= ⋅ = .Thus,insteadofaclusterintheformoffourinterpenetratingicosahedrons

inthree-dimensionalspace,theimageofthisclusterinthespaceofdimension13intheformofa
convexstandardcross-polytopecanserve.Twosuchclustersmakeupanelementarycellofγ-brass.
Thus,itwasprovedthattheadditionoftetrahedronstoaγ-brassclusterof8atoms,havingtheform
ofa4–cross-polytope,leadstothecreationofanumberofshells,andthedimensionofthecluster
wheneachshellisattachedincreasesbythree.Thenumberofelementsofdifferentdimensionsina
clusterforanyshellnumbern(n=0,1,2,...)isdeterminedbytheformulaestablishedearlierford
-cross-polytopes.Q.E.D.

Clusters of Bergman, Samson and R – Phases
Inmanymetalalloys(forexample,Al5CuLi3,Mg6Pd,Mg32(Al,Zn)49andetc.)thereareclustersin
whichtheinitialelementisanicosahedronwithacentralatom(incontrasttoMackay’sclusters).
Theextensionof the tetrahedrons to theouter surfaceof the icosahedron leads to the formation
ofthenextconvexshell.Thisprocesscanbecontinuedandaseriesoflargerconvexhullscanbe
obtained.Thelocationoftheverticesoneachconvexhullisoftendeterminedbytheauthor,based
ontheauthor’scommitmenttosomeoftheideasprevailingatagiventime.So,therewereclusters,
designatedbythenameoftheauthors(clusterofBergman,clusterofSamson,three-contahedronof
Pauling).However,todeterminethedimensionoftheseclusterswithacentralatom,itisimportant
thatanicosahedralsurfacecanbedistinguishedonalltheseoutershells.Thesizesoftriangleson
thesesurfacesnaturallyincreaseasonemovestomoreandmoredistantshells.Suchclusterswillbe
calledicosahedralcomplexeswithacentralatom.

Theorem 3:Thedimensiondoficosahedralcomplexeswithacentralatomequaln+3,wherenis
thenumberoftheshellsinthecomplexes.

Proof:Theicosahedralwithacentralatomhas13vertices f
0

13=( ) ,42edges f
1

42=( ) ,50flat
trianglefaces f

2
50=( ) ,21three–dimensionalfaces(20trianglepyramidsand1icosahedron)

f
3

21=( ) .SubstitutingthesevaluesintoEquation(1)onehave13–42+50–21=0.This
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provesthattheicosahedronwithitscenterhasadimensionof4.Ifonecontinuetheedgesgoing
fromthecenteroftheicosahedron(Figure5),andontheseedgesattheappropriatedistance
arrangemoreatomsformingthesecondicosahedronofalargersize,suchaconstructionoftwo
icosahedra with a common center will  have 25 ver tices f

0
25=( ) ,  84 edges

f
1

2 30 2 12 84= ⋅ + ⋅ =( ) ,100flatfaces f
2

2 20 2 30 100= ⋅ + ⋅ =( ) ,42three-dimensional

faces f
3

2 20 2 42= ⋅ + =( ) ,3four-dimensionalfaces f C
4 3

2 3= =( ) .Substitutingthesevalues
intheEquation(1)wehave25-84+100–42+3=2.Thisprovesthatthetwoicosahedrons
withcommoncenterhaveadimension5.

Notethatthenumberoffour-dimensionalfacesinthiscaseincludesasmallericosahedronwith
acenter,alargericosahedronwithacenter,andthespacebetweentwoicosahedrons.Indeed,forthis
space one have 24 vertices f

0
24=( ) , 72 edges f

1
2 30 12 72= ⋅ + =( ) , 70 f lat faces

f
2

2 20 30 70= ⋅ + =( ) ,22three-dimensionalfaces f
3

20 2 22= + =( ) .Substitutingthesevalues
into theEquation (1)onehave24 -72+70–22=0.Thisproves that the spacebetween two
icosahedronshasadimension4.Thetotalnumberoffour-dimensionalelements inthiscaseis
determined by the number of combinations between the three characteristic elements of the
construction(thecenterandtwoicosahedralsurfaces)oftwoelements.Anyofthesecombinations
givesafour-dimensionalelement.Ifonecontinueagaintheedgescomingfromthecenterofthe
icosahedrons,andontheseedgesoneconstructthethirdicosahedronofastilllargersize,thensuch
aconstructionwillhave37vertices f

0
25 12 37= + =( ) ,126edges f

1
3 30 3 12 126= ⋅ + ⋅ =( ) ,

150flatfaces f
2

3 20 3 30 150= ⋅ + ⋅ =( ) ,63three-dimensionalfaces f
3

3 20 3 63= ⋅ + =( ) ,6

four-dimensionalfaces f C
4 4

2 6= =( ) ,4five–dimensionalfaces f C
5 4

3 4= =( ) .Substituting
thesevaluesintheEquation(1)wehave37-126+150–63+6-4=0.Thisprovesthatthethree
icosahedronswithcommoncenterhaveadimension6.

Figure 5. Two icosahedrons with a common center
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Thetotalnumberoffour-dimensionalelementsinthiscaseisdeterminedbythenumberof
combinations between the four characteristic elements of the construction (the center and three
icosahedral surfaces) of two elements. Any of these combinations gives a four - dimensional
element.Thetotalnumberoffive-dimensionalelementsinthiscaseisdeterminedbythenumber
ofcombinationsbetweenthethreecharacteristicelementsoftheconstruction(thecenterandthree
icosahedralsurfaces)ofthreeelements.Anyofthesecombinationsgivesafive-dimensionalelement.
Theseconstructionscanbecontinued.However,itisnowpossibletowritegeneralexpressionsfor
thenumbersofelementsofdifferentdimensionsinaclusterwithacenterforarbitrarynumbernof
shellsoficosahedraandtogiveaformulaforcalculatingitsdimension.So,inthen-shellclusterof
icosahedronswithacenter,wehave:

f n f n n f n n f n n

f C f
n

0 1 2 3

4 1
2

5

12 1 30 12 20 30 20= ⋅ + = ⋅ + ⋅ = ⋅ + ⋅ = ⋅ +

= =+

, , , ,

, CC f C
n n n

n
+ + +=

1
3

2 1
,..., .


(5)

SubstitutingthesevaluesintheEquation(1)youcanseethatinthiscasetheleftsideofthe
Euler-PoincaréEquation(1)takestheform:

( ) ( ) ( )− = − + −+
==

−

∑∑ 1 1 1
1

20

1
i
i n

k

k

n
k

i

d

f P n C  (6)

TocalculatethesumontherightsideofEquation(6),weusetheexpression(4)forthealternating
series of combinations (Vilenkin, 1969). From the series (4), taking into account the equalities

C C C n
n n

n
n

0 11= = =, , it follows thatwhenn is even the sum C
n
k

k

n
k

=

−

∑ −
2

1

1( )  in the right sideof

Equation(3)isn–2whilenisoddthesumisequalton.Therefore,therightsideofEquation(6)
coincideswiththerightsideofEquation(1).Thisprovesthatthefiguresinquestionareclosedconvex
polytopesandtheysatisfytheEuler-Poincaréequation.Atthesametime,fromEquation(5),since
f C
n n

n
+ +

+= =
3 1

1 1 ,itfollowsthatthedimensionofaclusterofn-icosahedronswithanatomina
commoncenterisequald=n+3.Q.E.D.

Thus, as in the Mackay clusters, the dimension of clusters of several icosahedra with one
commoncentralatomincreaseslinearlywiththenumberofshells.Thedimensionoftheseclusters
isgreaterthanthedimensionofthecorrespondingMackayclustersbyoneduetothepresenceof
anatominacommoncenter.TheoutersurfaceoftheclustersofBergman,Samson,andR-phases
(Lordetal.,2006)outwardlyseemstobedifferentfromtheicosahedron.However,thisdifference
isnotsignificant.Forexample,intheBergmanclusterof45atoms,theoutersurfaceissupposedto
consistofrhombuses.Cantonotebyconstructionthatitisnot,itistheicosahedron.Forexample,
theclustersfromMg32(Al,Zn)49wasspecificallydecidedtodeforminordertobringitcloserto
Pauling’sthree-contahedron(Bergmanetal.,1952,1957).IntheSamsonclusterof105atomsofalloy
Mg6Pd(Samson,1972),theoutersurfaceisatruncatedicosahedron.Itiseasytogetanicosahedron
fromthissurface,connectingthecentersofthepentagons,especiallysincetheinitialconstruction
isbasedontetrahedrons.ThesurfacesoftheR-phaseclustersfromMg32(Al,Zn)49,Mo–Cu–Cr,
Al5CuLi3alsoconsistofelementsoficosahedralsurfaces(Bergmanetal.,1952,1957;Komuraet
al.,1960;Audieretal.,1998).Therefore,thedimensionsoftheseclusterscanbecalculatedfrom
theformulasobtainedinthiswork,takingintoaccountthenumberofshellsintheseclusters.Since
theBergmanclusterhastwoicosahedralshells,accordingtoTheorem3itsdimensionis5.Since
theSamsonclusterhasthreeshells,itsdimensionis6.SincetheR-phaseclusterhasfourshells,
itsdimensionis7.
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The Dimension of Metallic Clusters of Several Shells in the Form of Plato’s Bodies
TheicosahedronisonlyoneofPlato’sbodiesfoundintheskeletonofmetalclusters(Gubin,2019).
Supposethereisacluster,eachshellofwhichisaconvexregularthree-dimensionalpolyhedron
(Plato’sbody)withsomepossiblenumberofverticesnandthesameforallshellsofthiscluster.The
flatsidesoftheshellsarearegularm-corner.Allshellsofthisclusterdifferonlyinsizeandhave
acommoncenter.Assumethatthenumberofflatedgesintheshellisj.Wedenoteashellsatisfying
theindicatedconditionsS

j
.Thenthefollowingstatementistrue.

Theorem 4:ThedimensiondofaclusterofNshellswithacommoncenterisN+2,ifthereisno
atominthecommoncenter,andisequaltoN+3,ifthereisanatominthecommoncenter.

Proof:Denotebythesymboltthenumberofedgesemanatingfromeachvertexoftheshell S
j
.

Thenthetotalnumberofedgesoftheshellis nt / 2 ,andthenumberoffacesoftheshellis
j nt m= / .ThenumberjinPlato’sbodyalsogivestheformoftheshell,i.e.setsthenumbers
n, m, t(Table1).

Letashellwiththenumberoffacesjandbegiven.Therefore,thenumberofverticesn
j
,the

numberofsidesm
j
attheflatface,thenumberofedges t

j
emanatingfromeachvertexaregiven.

Considertwoshellsofdifferentsizeswithacommoncenter,arrangedsothateverytwocorresponding
verticesofbothshellsareonthesamestraightlineconnectingthemwithacommoncenter(thereis
noatominthecenter).Thenthespacebetweentheshellsisfilledwithprisms,thebasesofwhich
areflatfacesofthelargerandsmallershells.Thenumberoftheseprismsisequaltothenumberof
facesoftheshell,i.e.j.Thenumberofverticesinapolytopeoftwoshellsis2

0
n f
j
= .Thenumber

ofedgesofthispolytope,takingintoaccounttheedgesconnectingthecorrespondingverticesofthe
shells,isn t n f

j j j
+ =

1
.Thenumberofflatedgesinapolytopeisequaltotwicethenumberofflat

edgesineachshellandthenumberofedgesinoneoftheshells,i.e.:

2
2 2

j
n t

fj j+ = 

Thenumberofthree-dimensionalfiguresinthepolytopeisequalto j f+ =2
3

.Substitute
thesenumbersintheEquation(1)Euler–Poincare:

2 1 2
2

2
2

2 0n n t j
n t

j n
n t

j
j j j

j j

j

j j− + + + − − = − + − =( ) ( ) 

Table 1. The relationship between the geometric characteristics in the bodies of Plato

J n m t Polyhedron

4 4 3 3 Tetrahedron

6 8 4 3 Cube

8 6 3 4 Octahedron

12 20 5 3 Dodecahedron

20 12 3 5 Icosahedron
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There n
n t

j
j

j j− +











=

2
2 ontheEquation(1)forthepolytopeofdimension3.

ThisprovesthatapolytopecomposedoftwoshellsS
j
withacommoncenter(intheabsence

ofanatominthecenter)hasdimension4foranypossiblej.IftheclusterconsistsofthreeshellsS
j


withacommoncenter,then f n
j0

3= .Thenumberofedgesinthiscluster,takingintoaccountthe

edges connectingof the correspondingvertices in shells S
j
, is equal to f

n t
nj j

j1
3

2
2= + .The

numberoftwo-dimensionalfacesis 3
2

j n t f
j j

+ = .Thenumberofthree-dimensionalfacesis
2 3

3
j f+ = .Thenumberoffour–dimensionalfacesis f C

4 3
2 3= = .Substitutethesenumbersin

theEquation(1)Euler–Poincare:

3
3

2
2 3 2 3 3

2
2n n t j n t n

n t
j

j j j j j j

j j− +









+ + − + + = − + =( j ) 

ThisprovesthatdimensionoftheclusterofthreeshellsS
j
isequalto5.Cantowritegeneral

expressions for thenumbersof elementsofdifferentdimensions inaclusterwithanarbitrary
numberNofshells S

j
andtogiveaformulaforcalculatingitsdimension.So,intheN-shell

clusterofshellsS
j
,wehave:

f Nn f N
n t

N n f Nj N
n t

f N N

f C

j

j j

j

j j

0 1 2 3

4

2
1 1

2
1= = + − = + − = − +

=

, ( ) , ( ) , ( ) j ,

NN N N N
Nf C f C2

5
3

1
1, ,...,= =+
−


(7)

Substitutingthevalues(5)intheEquation(1)andopeningthebracketsyoucanseethatinthis
casetheleftsideoftheEuler-PoincaréEquation(1)takestheform:

( ) ( ) ( )− = − + −
=

−

=

−

∑∑ 1 2 1
2

1

0

1
i
i N

k

k

N
k

i

d

f P N C  (8)

TocalculatethesumontherightsideofEquation(8),weusetheexpressionforthealternating
seriesofcombinations(Vilenkin,1969):

C C C C
N N N

N
N
N0 1 2 1 0− + − + − =... ( )  (9)

Fromtheseries(7),takingintoaccounttheequalitiesC C C N
N N

N
N

0 11= = =, ,itfollowsthat

whenNiseventhesum C
N
k

k

N
k

=

−

∑ −
2

1

1( ) intherightsideofEquation(8)isN-2whileNoddthesum

isequaltoN.Therefore,therightsideofEquation(8)coincideswiththerightsideofEquation(1).
Thisprovesthat thefiguresinquestionareclosedconvexpolytopesandtheysatisfytheEuler–
Poincaréequation.
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Atthesametime,fromEquation(7),since f C
N N

N
+ = =

2
1 ,itfollowsthatthedimensionofa

clusterofNshellsS
j
withacommoncenterifatcenternotatomsisequald=N+2.

OnenowconsidersaclusterofseveralshellsS
j
withacommoncenterinwhichtheatomislocated.

TheshellS
j
withacentralatomhasn f

j
+ =1

0
vertices,

n t
n fj j

j2 1
+ = edges,

n t
j fj j

2 2
+ = flat

faces, j f+ =1
3
three–dimensionalfaces.SubstitutingthesevaluesintheEquation(1)wehave:

n n
n t

j
n t

j
j j

j j j j+ − +











+ + − −( ) =1

2 2
1 0 

ThisprovesthattheshellS
j
withitscenterhasadimensionof4.Ifonecontinuetheedgesgoing

fromthecenteroftheshell S
j
toitsverticesandattheappropriatedistancearrangemoreatoms

formingthesecondashellS
j
ofalargersize.SuchaconstructionoftwotheshellsS

j
withacommon

atomincenterwillhave 2 1
0

n f
j
+ = vertices, n t n f

j j j
+ =2

1
edges, 2

2
j n t f

j j
+ = flatfaces,

2 2
3

j f+ = three-dimensionalfaces, f C
4 3

2 3= = four-dimensionalfaces.Substitutingthese
valuesintheEquation(1)youcanget:

2 1 2 1 2 2 2 2 3 2n n t j n t j
j j j j j
+ − + + + − + + =( / ) ( ) 

ThisprovesthatthetwoshellsS
j
withcommonatomsinthecenterhasadimension5.

IfonecontinueagaintheedgescomingfromthecenteroftheshellsS
j
,andontheseedgesone

constructthethirdshell S
j
ofastilllargersize,thensuchaconstructionwillhave f n

j0
3 1= + 

vertices, f
n t

nj j

j1
3

2
3= +  edges, f j

n t
j j

2
3 3

2
= +  flat faces, f j

3
3 3= +  three - dimensional

faces, f C
4 4

2 6= = four-dimensionalfaces, f C
5 4

3 4= = five–dimensionalfaces.Substituting
thesevaluesintheEquation(1)youcanget:

3 1 3
2

3
2

3n n
n t

j
n t

j
j j

j j j j+ − +











+ +











+ +11 6 4 0( )+ − = 

ThisprovesthatclusterofthetreeshellsS
j
withcommonatomatcenterhasadimension6.

Cantowritegeneralexpressionsforthenumbersofelementsofdifferentdimensionsinacluster
withacenterforarbitrarynumberNofshellsS

j
andtogiveaformulaforcalculatingitsdimension.

So,intheclusterofNshellS
j
withatominacommoncenter,wehave:

f Nn f N
n t

Nn f Nj N
n t

f Nj N

f C f C

j

j j

j

j j

N N

0 1 2 3

4 1
2

5

1
2 2

= + = + = + = +

= =+

, , , ,

, ++ + +=
1

3
2 1

,..., f C
N N

N


(10)
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SubstitutingthesevaluesintheEquation(1)youcanseethatinthiscasetheleftsideofthe
Euler-PoincaréEquation(1)takestheform:

( ) ( ) ( )− = − + −+
==

−

∑∑ 1 1 1
1

20

1
i
i N

k

k

N
k

i

d

f P N C  (11)

TocalculatethesumontherightsideofEquation(8),weusetheexpression(7).Fromtheseries

(7),takingintoaccounttheequalitiesC C C N
N N

N
N

0 11= = =, ,itfollowsthatthesum C
N
k

k

N
k

+
=
∑ −

1
2

1( ) 

intherightsideofEquation(11)isN+1forNevenandN-1forNodd.Therefore,therightsideof
Equation(11)coincideswiththerightsideofEquation(1).Thisprovesthatthefiguresinquestion
areclosedconvexpolytopesandtheysatisfytheEuler-Poincaréequation.

Atthesametime,fromEquation(10),since f C
N N

N
+ +

+= =
3 1

1 1 ,itfollowsthatthedimensionof
aclusterofNshellsS

j
withanatominacommoncenterisequald=N+3.Q.E.D.

Clusters of the Hyper-Rhombohedrons
WhenanalyzingthediffractionpatternofintermetalliccompoundsofAl6Mn(Shechtman,etal.,1984),
Ti54Zr26Ni20(Zang,&Kelton,1993),Al70Fe20W10(Mukhopadhyay,etal.,1993),Al72Ni20Co8(Eiji,
Yanfa,&Pennycook,2004)itwasfound(Zhizhin,2014,2017,2018),thattheunitcellofthestructure
createdbytheluminouspointsofthediffractionpatternsisafigureofdimension4,calledthegolden
hyper-rhombohedron.Itconsistsofeightrhombohedrons,withanglesintheflatedgesdefinedby
thegoldensection.Itcontains16vertices(Figure6).

Thisfigureprovidesthetranslationalsymmetryofquasicrystalsinthespaceofhigherdimension.
Thegoldenhyper-rhombohedroncanbeconsideredaclusterofintermetalliccompounds,sincethe
luminouspointsinthediffractionpatternsarelatticenodes,whichreflecttherayspassingthrough
themetalalloy.Theproductsofthegoldenhyper-rhombohedrononothergeometricfiguresleadto
theformationofclustersofhigherdimensions.Definitionsandresearchworksofvariousgeometric
shapesaregiveninthemonographsoftheauthor(Zhizhin,2017,2018).InFigure7andFigure8,
asanexample,theproductsofthegoldenhyper-rhombohedrononatriangleandatetrahedronare
shown,correspondingly.

Figure 6. The golden hyper-rhombohedron
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Sincethedimensionoftheproductofthefiguresisequaltothesumofthedimensionsofthe
factors,thedimensionoftheproductofthegoldenhyper-rhombohedronbyatriangleis6,andthe
dimensionoftheproductofthegoldenhyper-rhombohedronbythetetrahedronis7.Thenumber
ofverticesintheproductofthefiguresisequaltotheproductofthenumbersoftheverticesofthe
factors.Therefore,thenumberofverticesintheproductofthegoldenhyper-rhombohedronona

Figure 7. The product of golden hyper - rhombohedron on a triangle

Figure 8. The product of golden hyper - rhombohedron on a tetrahedron
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triangleisequalto48,andthenumberofverticesintheproductofthegoldenhyper-rhombohedron
onatetrahedronis64.

CoNCLUSIoN

Forthefirsttime,analyticalexpressionsareobtainedforcalculatingthedimensionofmulti-shell
clustersdependingonthenumberofshells.Theseexpressionsareapplicabletoclustersconsisting
ofshellsintheformofanicosahedronwithacommoncenter,ifanatomislocatedordislocatedin
thiscenter.Fromtheobtainedanalyticalformulasinitfollowsthatinbothcasesthedimensionofthe
clustersincreaseslinearlywithanincreaseinthenumberofshells.Thus,fortheclustersofMackay
(Mackay, 1962), Bergman (Bergman et al., 1952, 1957), Samson (Samson, 1972) known in the
literature,whichcanbeapproximatelydescribedbysuchmulti-shellmodels,expressionsareobtained
forcalculatingtheirdimensionsandprovedthattheyhaveahigherdimension.Itshouldbenotedan
interestingfactthattheclustersofγ-brassstudiedforalongtimeturnedouttohavegeometryofa
high-dimensionalcross-polytope.Consequently,notonlyextendedalloysofintermetalliccompounds
haveahigherdimension,butalsoisolatedcompoundsofintermetalliccompoundsintheformof
clustershaveahigherdimension.Clusters,connectingwitheachother,leadtotheformationofnew
clusterswithanevenhigherdimension.Thisalsoappliestothehyper-rhombohedron,asacluster
ofquasicrystals.Thisisdemonstratedinthispaper.Inthecaseofcomplexclustersofintermetallic
compoundscontaininga largenumberofatomsandformations invariousgeometricforms, it is
difficulttodeterminetheirdimension.However,itissafetosayonthebasistheconductedresearch,
thattheyhaveahigherdimension.
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Key TeRMS AND DeFINITIoNS

Diffraction:Awiderangeofphenomenaoccurringinthepropagationofwavesinheterogeneous
environmentsinthespace.

Dimension of the space:Thememberofindependentparametersneededtodescribethechangein
positionofanobjectinspace.

Fractal:Thesetisself-similar,i.e.uniformityatdifferentscales.
Golden Gyper-rhombohedron:Polytopein4-dimensionalspacewithfacetsasrhombohedronand

metriccharacteristicsassociatedthegoldensection.
Polytope:Polyhedroninthespaceofhigherdimension.
Quasicrystal: A solid body, characterized by symmetry without translation in 3-dimensional

Euclideanspace.


